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SUMMARY 


A  preliminary  analysis  of  flows  past  transverse  jets  Indi¬ 
cates  that  If  reaction  jet  control  Is  used  within  the  atmosphere 
strong  Interference  effects  can  be  expected.  The  assumptions 
necessary  and  earlier  analyses  of  this  problem  are  reviewed 
herein.  In  this  present  Introductory  work  a  straightforward 
approach  using  two-dimensional,  compressible,  Invlscld,  perfect 
gas  flow  theory  Is  adopted.  Consistency  Is  obtained  In  using  the 
following  three  variables  to  define  the  problem:  free  stream 
Mach  number,  design  Mach  number  of  the  jet  nozzle,  and  the  ratio 
of  jet  stagnation  pressure  to  free  stream  static  pressure.  Many 
basically  different  types  of  Interaction  flows  are  possible  de¬ 
pending  upon  the  values  of  the  variables.  Different  theoretical 
methods  are  necessary  to  evaluate  widely  varying  Interference 
effects.  Interaction  flows  are  classified,  and  values  of  the 
variables  separating  the  different  types  are  tabulated.  Sanqple 
force  calculations  Indicate  that  the  Induced  control  force  may  be 
several  times  larger  than  the  pure  reaction  force  of  the  jet;  this 
Is  particularly  true  for  weak  jets  (jets  having  low  pressure  ratio 
values) .  Three-dimensional,  viscid,  and  separation  effects  are 
qualitatively  discussed;  the  need  for  experimental  research  Is 
pointed  out. 
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SYMBOLS 


cross-sectional  area  of  jet  flow 
throat  area  of  jet  nozzle 

minimum  cross-sectional  area  of  external  jet  flow 
span  of  jet  orifice 

2 

pressure  coefficient;  =  (p  -  Pj^) /(iPj^Vj^) 
interaction  force 

reaction  force  for  jet  exhausting  into  ambient  air 
at  pressure  p^^ 

reaction  force  for  jet  exhausting  into  a  vacuum 
functions  defined  in  Eq.  (9),  p.  16 
function  defined  in  Eq.  (9),  p.  16 
specific  inqjulse  of  jet 

length  downstream  of  orifice  over  which  interference 
effects  are  felt 

Mach  number 

pressure 

pressure  ratio;  P  =  PjQ/Pg]^ 

ratio  of  jet  orifice  diameter  to  cylinder  diameter 
velocity 

strearawise  width  of  jet  orifice 
weight  efflux  of  jet  flow 
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V 

AV 

4 

P 
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specific  heat  ratio  of  gas  (taken  as  1.40  for  tables) 

stream  flow  deflection  angle 

jet  flow  deflection  angle 

shock  wave  angle 

Prandtl -Meyer  angle 

change  in  Prandtl -Meyer  angle 

static  pressure  ratio  across  stream  shock;  i  =  Pg2/Psi 
static  pressure  ratio  across  jet  shock;  =  Pj2/Pj]^ 

density 

either  the  smallest  or  largest  root  of  Eq.  (9),  p.  16 


Subscripts* 

0  stagnation  condition 

1  condition  upstream  of  shock  wave 

2  condition  downstream  of  shock  wave 

a  value  for  jet  exhaustion  into  ambient  air 

d  jet  nozzle  design  condition 

e  condition  at  jet  nozzle  exit 

f  final  condition 

j  refers  to  jet  flow 

s  refers  to  stream  flow 

Subscripts  are  frequently  grouped  to  denote  a  particular  condi¬ 
tion;  e.g.,  Ps20  stagnation  pressure  behind  the  shock 

wave  in  the  stream  flow. 
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INTRODUCTION 


Reaction  jets,  aligned  perpendicularly  to  the  local  air 
stream,  are  being  considered  as  control  devices  for  very  high 
altitude  vehicles  (Ref.  1) .  Such  devices  are  necessary  because 
of  the  insufficiency  of  aerodynamic  forces  at  the  extreme  alti¬ 
tudes  at  which  controllable  space  and  "near"  space  vehicles  will 
operate .  Our  introductory  look  at  the  problem  of  analyzing  the 
interaction  flow  fields  caused  by  the  use  of  reaction  control 
jets  within  the  atmosphere  indicates  the  probability  of  large 
interference  effects. 

An  adequate  theoretical  analysis  of  the  interference  effects 
must  be  developed  for  the  safe  and  efficient  use  of  reaction  con¬ 
trol  jets.  Static  reaction  forces  and  low  speed  flows  past  small 
diameter  strong  jets  have  been  studied  experimentally  (Refs.  2 
through  4) ,  and  interference  effects  have  been  noted  for  both 
subsonic  and  supersonic  flows  past  such  jets  (Refs.  5  through  8). 
However,  lack  of  adequate  analysis  has  precluded  the  study  of 
the  beneficial  use  of  the  substantial  induced  forces.  Induced 
forces  may  be  equal  in  magnitude  and  may  even  surpass  static  re¬ 
action  forces,  depending  upon  flow  conditions  and  jet  nozzle 
shape . 

Previous  approaches  to  the  problem  were  limited  in  scope 
because  an  external  jet  flow  shape  was  assumed.  In  a  categorical 
approach,  it  quickly  becomes  apparent  that  the  flow  picture  varies 
greatly  with  stream  and  jet  conditions.  Different  methods  must 
be  used  to  analyze  the  basically  different  types  of  interaction 
flows  and  to  calculate  the  associated  induced  forces.  Before 
analyzing  in  detail  any  one  particular  type  of  interaction  flow, 
it  was  thought  preferable  to  classify  approximately  the  possible 
types.  In  keeping  with  this  simplified  approach,  viscid  and  real 
gas  effects  are  neglected  in  the  categorization  of  the  flows. 
Tendencies,  at  least,  can  be  discussed  using  the  perfect  gas 
inviscid  analysis.  The  important  viscid  and  real  gas  effects 
may  then  be  included  for  specific  examples . 

This  report  qualitatively  establishes  the  various  possible 
types  of  jet  stream  interaction  flows  and  indicates  the  large 
induced  forces  which  are  available  in  certain  cases.  A  slnqple 
theoretical  model  is  used  to  arrive  at  order  of  magnitude  results. 
The  numerical  analysis  is  presented  for  two-dimensional,  inviscid, 
compressible  fluid  flow.  Both  jet  and  stream  flows  are  assumed 
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to  obey  the  ideal  gas  law  and  to  have  constant  specific  heat 
ratios  equal  to  seven -fifths .  The  results  of  the  analysis  are 
tabulated  in  the  Appendix  and  may  be  used  to  determine  qualita¬ 
tively  which  type  of  flow  exists  for  given  conditions  or  to  esti¬ 
mate  the  values  of  the  variables  for  a  particular  t5q)e  of  inter¬ 
action  flow.  The  work  is  thus  of  a  preliminary  nature,  but  serves 
as  an  introduction  to  a  more  thorough  program  based  on  a  systematic, 
categorical  approach  to  the  problem. 
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ANALYSES  OF  INTERACTION  FLOWS 


I 

I 

1 

I 

]; 


Several  analyses  have  been  made  of  interaction  flows  which 
result  from  a  jet  issuing  perpendicularly  into  an  air  stream 
(Refs.  2  through  8).  Streamlines  and,  in  some  instances,  induced 
forces  were  obtained  experimentally.  A  few  theories,  based  on 
the  particular  type  of  interaction  observed,  were  postulated  to 
corroborate  experimental  results.  The  wide  range  of  values  the 
variables  may  have,  makes  the  existence  of  many  different  types  of 
interaction  flows  possible.  In  lieu  of  assuming  a  particular  type 
of  interaction  flow,  a  straightforward  categorical  approach  is 
followed  which  brings  to  light  the  possible  existence  of  the  many 
types.  A  two-dimensional,  inviscid  analysis  is  used  in  deter¬ 
mining  the  salient  features  of  the  different  flows. 


Previous  Approaches  to  Problem 

In  the  past,  the  bulk  of  attention  was  directed  to  stream 


flows  past  strong  jets,  that  is, 
many  times  larger  than  the  free 
stream  static  pressures  and 
issuing  from  orifices  of  small 
aspect  ratios.  The  large  pres¬ 
sure  ratios  and  small  orifices 
led  to  stream-jet  interaction 
flow  boundaries  such  as  the  one 
sketched  in  Fig.  1.  The  jets 
deeply  penetrate  the  stream  be¬ 
fore  being  turned  downstream; 
the  phenomena  are  truly  three- 
dimensional  under  these  condi¬ 
tions  . 

Penetration  distances  were 
measured  at  various  downstream 
stations  for  varying  jet  and 
subsonic  stream  flow  conditions 
for  several  different  orifices 
(Refs.  2  through  4) .  An  equiv¬ 
alent  orifice  diameter,  the 
diameter  of  a  circle  having  the 
same  area,  was  defined  for 
square  and  elliptic  orifices. 


jets  having  reservoir  pressures 


Fig,  1  -  Strong  Jet  Flow  Boundary 
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The  ellipses  had  major  to  minor  axes  ratios  of  2:1  and  4:1  and 
were  tested  with  their  major  axes  parallel  to  the  stream.  An 
empirical  relationship,  nondimensionalized  with  respect  to  the 
equivalent  orifice  diameter,  was  obtained,  for  the  jet  shape  in 
terms  of  the  jet  and  stream  flow  conditions.  It  was  noted  that 
there  were  essentially  no  boundary  layer  or  other  viscid  inter¬ 
actions  in  these  subsonic  stream  tests.  Forces  on  the  plate  were 
found  to  be  considerably  larger  than  the  pure  reaction  forces  of 
the  jets  exhausting  into  still  air.  The  additional  forces  were 
attributed  to  the  interaction  effects  of  the  jet  and  the  stream. 


Induced  forces  were  also  noted  for  jets  interacting  with 
supersonic  streams,  and  a  few  theories  have  been  postulated  to 
corroborate  the  experimental  results  (Refs.  5  through  8).  A 
lengthy  theoretical  analysis  was  made  for  a  strong  jet  issuing 
laterally  into  a  supersonic  stream  from  a  circular  orifice  located 
on  the  side  of  a  cylinder  parallel  to  the  free  stream  (Ref.  5). 

The  standoff  distance  of  the  detached  shock  wave  was  estimated  by 
using  hypersonic  blunt  body  theory  for  an  approximately  equivalent 
flow  in  the  vicinity  of  the  wall.  The  cylinder  wall  was  repre¬ 
sented  as  a  flat  plate,  and  the  jet  x^/as  represented  as  a  cylinder 
perpendicular  to  both  the  free  stream  and  the  plate.  The  diameter 
of  the  cylinder  representing  the  jet,  many  times  larger  than  the 
diameter  of  the  jet  orifice,  was 
determined  by  a  pressure  balance 
between  the  jet  and  stream  flows. 

The  jet  expanded  until  its  pres¬ 
sure  decreased  to  the  value  of 
the  stream  stagnation  pressure 
on  a  cylinder  behind  the  detached 
shock  wave.  It  was  tacitly  as¬ 
sumed  that  the  jet  expansion 
occurred  discontinuously,  as 
depicted  in  Fig.  2.  The  in¬ 
duced  forces  on  the  body,  due  to 
the  pressure  rise  across  the  de¬ 
tached  shock  wave,  and  the  forces 
on  the  transverse  cylinder  repre¬ 
senting  the  jet  flow  were  calcula 
ted.  The  next  approximation  to 
the  jet  flow  was  to  represent  it 
by  the  first  quadrant  of  a  torus, 
the  minor  diameter  of  which  was 
chosen  as  the  diameter  of  the 


Fig,  2  -  First  Approximation 
of  Ref,  5  to  Jet  Flow 
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original  cylinder  representing  the  jet  flow.  The  major  diameter 
of  the  torus,  the  rate  at  which  the  jet  flow  was  bent  downstream, 
was  determined  by  a  pressure  balance  between  the  jet  and  the 
stream  flows.  It  was  again  assumed  that  the  jet  flow  expanded 
suddenly  upon  emerging  from  the  orifice  to  equalize  the  pressure. 
The  induced  force  on  the  body  was  then  taken  to  be  the  induced 
pressure  on  the  body,  caused  by  the  pressure  rise  across  the  de¬ 
tached  shock  wave,  in  the  region  between  the  shock  and  the  forward 
portion  of  the  torus  representing  the  jet  flow.  The  induced 
pressure  coefficient  in  the  meridian  plane  was,  from  hypersonic 
blunt  body  theory,  Cp  =  (y  +  3)/(y  +  1),  which  varies  between 
1.83  and  2.00  as  the  ratio  of  specific  heats  y  varies  between 
1.4  and  1.0.  Calculated  induced  forces  were  compared  with  the 
experimental  results  of  Ref.  6.  The  comparison  and  conclusions 
drawn  in  Ref.  5  are  discussed  on  page  7. 

A  two-dimensional  theory  was  applied  to  the  same  type  of  jet 
interaction  flows  (Refs.  6,  7,  and  8).  Control  jets  near  the  base 
of  an  ogive  cylinder  were  tested  in  supersonic  free  streams.  The 
control  forces  normal  to  the  body  were  measured  for  the  jets  ex¬ 
hausting  into  a  vacuum,  exhausting  into  ambient  air,  and  then  for 
the  jets  exhausting  into  the  supersonic  air  streams.  The  inter¬ 
action  force,  Fi,  was  defined  as  the  difference  between  the 
total  force  exerted  on  the  body  due  to  the  jet  exhausting  into  the 
stream  and  the  force,  Fv,  that  would  be  experienced  for  the  same 
jet  exhausting  into  a  vacuum.  Again  it  was  noted  experimentally 
that  the  interaction  of  the  jet  and  stream  considerably  magnified 
the  normal  forces.  The  two-dimensional  model  chosen  for  the  theo¬ 
retical  explanation  of  the  increased  control  effectiveness  is 
shown  on  the  next  page  in  Fig.  3,  The  jet  flow  was  assumed  to  be 
sonic  at  the  jet  exit  of  area,  Ae,  and  to  expand  from  its  reser¬ 
voir  (stagnation)  pressure,  Pj0»  value  of  the  free  stream 

static  pressure,  Psl*  The  final  unit  cross-sectional  area  of  the 
jet  flow  is  Af,  the  distance  the  stream  flow  must  be  diverted 
away  from  the  wall.  A  slip  line  was  assumed  to  exist  between  the 
jet  and  stream  flows.  The  jet  flow  thus  acted  as  a  forward  fac¬ 
ing  step;  the  stream  flow  separated  before  the  step.  The  in- 
viscid  stream  flow  over  the  effective  shape  was  taken  as  that 
over  a  wedge  with  an  attached  shock  wave  and  then  Prandtl -Meyer 
expansion.  The  final  pressure,  Psf»  taken  equal  to  the 

free  stream  pressure,  Psl*  The  calculation  of  the  flow  deflection 
angle,  6,  is  not  accounted  for  in  Ref.  6.  It  is  stated  that 
pressures  just  upstream  of  the  jet  must  be  assumed  "judiciously." 
The  interaction  normal  force  of  the  jet,  Fi,  exerted  on  the 
wall  is  taken  as  the  over  pressure,  (Pg2  -  Psl^ »  acting  on 
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Fig,  3  -  Theoretical  Interaction  Flow 
Model  Used  in  Refs,  6,  7,  &  8 


the  area  upstream  of  the  jet  orifice,  (Af/tan  6) .  The  inter¬ 
action  forces  thus  calculated  were  lower,  by  "about  an  order  of 
magnitude"  (Ref.  6),  than  those  calculated  using  the  "method  of 
characteristics"  with  the  same  assumption  that  the  final  pressure 
was  equal  to  the  free  stream  pressure. 


The  above  two-dimensional  theory  presented  in  Ref.  6  was 


revised  and  presented  in  Ref.  7. 
and  the  theory  proceeds  as  before 
save  that  the  over  pressure  con¬ 
tributing  to  the  interaction 
force  is  written  as  6(dp)/(d6) 
instead  of  as  (Pg2  "  Psl^  *  Val¬ 
ues  of  the  interaction  to  vacuum 
force  ratios,  Fj^/Fy,  calculated 
for  two  Mach  numbers  are  shown  in 
Fig.  4  for  pressure  ratios 
P  =  Pjo/Psl  10  to 

700 .  Force  ratios  calculated 
using  the  earlier  method  pre¬ 
sented  in  Ref.  6  were  8%  lower 
for  Mgj^  -  2.84  and  15%  lower 
for  Mg]^  =  3.90.  The  theoreti¬ 
cal  results  of  Ref.  5  that  are 
shown  in  Fig.  4  are  in  fair 


The  same  flow  picture  is  used 


Fig,  4  -  Theoretical 
and  Experimental  In¬ 
teraction  to  Vacuum 
Force  Ratios 
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agreement  with  those  of  Ref.  7;  curiously  enough,  they  are  in 
better  agreement  with  the  theoretical  results  of  Ref.  6. 

The  force  measurements  were  made  on  ogive  cylinders,  with 
circular  jet  orifices  located  quite  near  their  bases,  in  Mach 
2.84  and  Mach  3.90  flows.  Unfortunately,  technical  difficulties 
led  first  to  erroneous  force  data  measurements  being  presented 
in  Ref.  6.  Corrected  data  presented  in  Ref.  7  are  shown  in 
Fig.  4.  These  tests  were  also  the  basis  of  the  empirical  data 
presented  in  Ref.  5. 

The  erroneous  data  presented  in  Ref.  6  indicated  that  the 
force  ratio,  F^/F-^,  increased  with  increasing  Mgi,  which 
agrees  with  theoretical  conclusions  drawn  in  both  Refs.  5  and  6. 
Corrected  data  and  conclusions  drawn  from  the  data  in  Ref.  7 
indicate  that  the  force  ratio  is  independent  of  stream  Mach  num¬ 
ber,  as  may  be  seen  by  study  of  the  experimental  data  shown  in 
Fig.  4.  Indeed,  a  good  empirical  fit  to  the  data  may  be  obtained 
using  (Ref.  7) 


h  .  0-92 

where  R  is  the  ratio  of  the  jet  orifice^  diameter  divided  by  the 
diameter  of  the  cylinder.  It  quickly  becomes  apparent  that  the 
above  empirical  relationship  must  only  be  valid  for  the  limited 
models  used  in  Ref.  7;  the  predicted  force  ratios  would  be  ab¬ 
surdly  large  for  small  orifices  or  large  diameter  models,  such 
as  a  flat  plate.  The  two-dimensional  theory  does,  however, 
correctly  predict  the  trend  of  the  force  ratio  (Fi/Fy  increases 
as  P  decreases) ;  this  result  is  consistently  indicated  by  the 
experimental  data.  Considering  the  strong  three-dimensional 
nature  of  the  tested  interaction  flow,  it  is  fortuitous  that  even 
fair  experimental  corroboration  was  obtained.  It  was  noted  that 
the  length  of  the  forebody  did  not  affect  the  interaction  force; 
this  was  attributed  to  Fj^  being  independent  of  the  type  of 
boundary  layer:  laminar  or  turbulent.  Laminar  boundary  layer 
separation  extends  over  a  larger  area  but  has  lower  pressures 
than  in  the  smaller  separated  flow  zone  of  turbulent  boundary 
layer  separation.  As  in  the  subsonic  stream  experiments,  it  was 
noted  that  the  viscid  interaction  effects  were  negligible  for  the 
over -all  force  values;  the  induced  pressures  acted  over  a  larger 
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area  at  slightly  reduced  values  due  to  the  presence  of  viscosity. 
The  jet  orifices  tested  were  all  close  to  the  base  of  the  bodies; 
in  this  way  the  decreased  pressure  downstream  of  the  orifice  only 
affected  a  small  area.  Any  increase  in  afterbody  length  decreased 
F^.  The  decrease  in  pressure  behind  the  orifice  is  due  to  jet 
entrainment  of  the  stream  flow;  the  pressures  are  reduced  below 
those  existing  before  the  start  of  the  jet  flow,  and  negative 
pressure  coefficients  are  recorded. 

The  work  reported  on  in  Refs.  6  and  7  was  extended  and 
culminated  in  Ref.  8.  Detailed  isobar  maps  showing  the  low  pres¬ 
sure  zones  behind  the  orifice  were  experimentally  obtained  for 
flow  over  a  flat  plate  in  which  there  is  a  circular  jet  orifice. 
The  same  two-dimensional  theory  was  used  but  not  the  empirical 
relationship  shown  above  on  page  7.  An  empirical  relationship 
for  the  interaction  force  is  obtained  in  terms  of  the  vacuum 
force,  the  pressure  ratio,  P,  the  diameter  of  the  jet  orifice, 
the  total  length  of  the  plate,  and  the  distance  the  orifice  is 
behind  the  leading  edge  of  the  plate.  The  measured  interaction 
forces  are  considerably  larger  for  the  plate  than  for  the  ogive 
cylinder  because  much  of  the  over  pressure  on  the  cylinder  is 
lost  due  to  its  curvature.  Even  for  the  three-dimensional  jets 
tested,  it  was  found  that  the  interaction  force  in  some  cases 
exceeded  the  vacuum  force  of  the  jet. 

Weak  jets,  that  is,  jets  having  reservoir  pressures  only  a 
few  times  larger  than  the  free  stream  static  pressures  and  do  not 
penetrate  deeply  the  stream  flow,  were  cursorily  examined  in  Ref. 
8,  A  flow  picture  was  assumed  "a  priori"  and,  again,  the  final 
pressure  was  assumed  equal  to  the  free  stream  pressure.  Although 
conclusions  drawn  from  experimental  evidence  point  out  that  weak 
jets  can  have  high  specific  inqjulses  and  large  interaction 
forces,  a  numerical  exanqjle  for  ■  4  and  values  of  P  below 

1.4  indicated  that  ■  0  (Ref.  8). 

Briefly  summarizing,  experiments  have  been  performed  and  a 
few  theories  have  been  established  to  corroborate  the  results. 

The  tests  were  limited  to  three-dimensional  flows  which  preclude 
simple  analyses.  Theories,  other  than  purely  en5>irical  relation¬ 
ships,  were  based  on  many,  frequently  obscure,  assumptions  and, 
moreover,  fail  to  match  well  the  available  test  data.  The  theo¬ 
ries  fail  worsely  for  low  pressure  ratio  values,  the  values  for 
which  the  interference  effects  are  most  pronounced.  Interaction 
forces,  and  hence  over -all  jet  efficiencies,  are  greatest  for  weak 
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jets  issuing  from  orifices  of  large  effective  diameters.  Indeed, 
in  lieu  of  the  pressure  drop  behind  strong  three-dimensional  jets, 
positive  pressure  coefficients  are  easily  attainable  downstream 
of  weak  two-dimensional  jets. 


Present  Approach  to  Problem 

The  present  approach  to  the  problem  starts  with  the  given 
stream  and  jet  reservoir  conditions  and  dete.mines  the  interac¬ 
tion  flow  streamline  pattern.  The  possibility  of  various  types 
of  interaction  flows  is  disclosed,  and  the  number  of  necessary 
assumptions  is  minimized.  A  clearer  understanding  of  the  problem 
is  thereby  obtained.  This  gives  rise  to  the  possibility  of  bene¬ 
ficial  use  of  substantial  interaction  forces. 

Contrary  to  Refs.  6,  7,  and  8,  no  assumption  is  made  about 
the  downstream  pressure  value;  indeed,  for  weak  jets,  it  is  cal¬ 
culated  and  found  to  be  considerably  larger  than  the  free  stream 
pressure.  Thus  the  two-din^nsional  flows  emphasized  in  this 
report  have  positive  pressure  coefficients  downstream  of  the 
orifices  which  lead  to  increased  control  forces  rather  than  the 
decreased  forces  resulting  from  the  negative  pressure  coefficients 
due  to  jet  entrainment  of  the  stream  flow  downstream  of  strong 
three-dimensional  jets.  The  interaction  forces  may  be  several 
times  larger  than  those  shown  in  Fig.  4. 

The  analysis  proceeds  categorically  to  determine  all  of  the 
possible  types  of  interaction  flows  that  can  and  will  exist  de¬ 
pending  upon  the  given  values  of  the  parameters  defining  the 
problem  which  are;  the  stream  conditions,  the  jet  reservoir  con¬ 
ditions,  and  the  shape  of  the  jet  nozzle.  Although  viscid  and 
three-dimensional  effects  are  mentioned,  in  the  bulk  of  the  work 
both  the  jet  and  stream  flows  are  assumed  to  be  two-dimensional, 
and  to  obey  the  perfect  gas  law,  inviscid  compressible  flow  equa¬ 
tions  .  It  is  further  assumed  that  at  least  initially  a  slip 
surface  (a  slip  line  in  the  two-dimensional  analysis)  exists  be¬ 
tween  the  jet  and  stream  flows,  and  therefore  that  the  jet  dis¬ 
places  the  stream  and  is,  in  turn,  affected  by  the  displaced 
stream  flow.  The  interaction  flow  is  studied  in  more  detail  than 
in  previous  investigations. 

The  method  of  the  present  analysis  may  more  clearly  be  out¬ 
lined  by  referring  to  a  typical  type  of  interaction  flow,  such 
as  the  one  sketched  in  Fig.  5.  The  jet  flow  may  have  any  subsonic 
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or  supersonic  velocity  at  the  orifice,  unlike  previous  analyses 
which  were  restricted  to  choked  jet  flows  at  the  orifice  (Refs.  5 
through  7) ,  but  the  velocity 
must  be  uniform  and  perpendicu¬ 
lar  to  the  undisturbed  stream  flow. 

The  jet  flow  is  supersonic  at  the 
orifice  for  the  particular  case 
sketched  in  Fig .  5 .  The  angle  of 
the  slip  line  at  the  upstream 
corner  is  such  that  there  is  an 
attached  shock  at  the  upstream 
corner  in  the  jet  flow,  and  the 
stream  flow  undergoes  compres¬ 
sion  through  a  detached  shock 
wave.  The  curvature  of  the  slip 
line  is  qualitatively  obtained  by 
considering  pressure  variations 
along  it  for  the  jet  and  stream 
flows.  By  definition  there  can 
be  no  pressure  difference  across 
the  slip  line.  It  is  tacitly 
assumed  herein  that  the  pressure 
varies  monotonically  along  the 
slip  line.  Thus,  for  the  example 
case  shown  in  Fig.  5,  the  jet 
flow  must  expand  behind  the  jet  shock  wave  and  therefore  the  slip 
line  must  curve  upward  at  least  until  the  expansion  fan  from  the 
downstream  corner  meets  the  slip  line  and  accounts  for  the  expan¬ 
sion  of  the  jet  flow.  The  slip  line  then  bends  downstream  until 
it  becomes  parallel  to  the  undisturbed  stream.  The  pressure  in 
the  jet  flow  along  the  slip  line  is  monotonically  decreasing  as 
is  the  pressure  in  the  stream  flow  along  the  slip  line  downstream 
of  the  stagnation  point  at  the  upstream  corner.  The  final  pres¬ 
sure  reached  is  larger  than  the  free  stream  pressure  and  so  a 
downward  force  is  exerted  on  the  surface  behind  the  orifice  in 
lieu  of  the  pressure  drop  experienced  downstream  of  three- 
dimensional  jets  (Refs.  5  through  8).  That  the  slip  line  must 
cuirve  upward  immediately  behind  the  corner  may  also  be  seen  by 
considering  the  reverse  case  of  curving  downward;  in  this  case 
the  jet  pressure  would  increase  whereas  the  stream  pressure  would 
decrease,  obviously  violating  the  condition  of  no  pressure  discon¬ 
tinuity  across  the  slip  line. 

The  assunqjtlon  of  monotonic  pressure  decrease  along  the  slip 
line  leads  to  far  simpler  analyses  than  if  the  pressure  was  al- 


Fig,  5  -  Sample  Interaction 
Flow  Model  of  Present 
Analysis 
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lowed  to  vary  randomly.  In  actual  flows  of  strong  jets,  such  as 
shown  in  Fig.  5,  the  jet  flow  would  probably  separate  at  the  down¬ 
stream  corner,  and  a  separation  bubble  would  exist.  The  jet  flow 
would  then  attach  to  the  wall  surface  downstream  of  the  separation 
bubble  and  might  undergo  a  compression,  perhaps  in  the  form  of  a 
Shock  wave.  Thus,  the  jet  flow  would  overexpand  and  would  then 
have  to  compress.  The  stream  flow  would  have  to  follow  the  same 
pressure  variation  along  the  slip  linej  a  normal  shock  could 
exist  in  the  stream  flow.  This  case  would  require  equal  jet  and 
stream  Mach  numbers  since  the  pressure  ratios  across  the  normal 
shocks  would  have  to  be  identical.  Alternately,  for  unequal  Mach 
numbers  across  the  slip  line,  lambda  shocks  and  compression  re¬ 
gions  would  be  expected.  Consider,  for  example,  a  subsonic  jet 
that  overexpands  and  has  a  locally  separated  region.  If  the  slip 
line  curved  back  toward  the  wall  and  then  curved  upward  to  become 
parallel  to  the  wall,  a  stream  shock  would  occur.  This  shock 
would  have  to  be  matched  by  a  sudden  expansion  of  the  subsonic 
jet  flow.  The  analysis  of  such  flows  is  prohibitively  complicated 
at  the  present  time;  the  monotonic  pressure  variation  should  still 
Indicate  qualitatively  good  results,  particularly  for  the  weak 
jets. 


Separation  might  also  occur  in  the  stream  flow  ahead  of  the 
jet  orifice,  as  depicted  in  Fig.  3.  Further  work  is  needed  in 
the  detail  analysis  in  such  contingencies.  For  weak  jets  giving 
rise  to  attached  stream  shocks,  the  stream  flow  will  not  separate 
prior  to  the  jet  orifice. 

Even  if  no  separation  occurs,  the  flow  is  still  cooqjlicated. 
He  expansion  of  the  jet  flow  at  the  downstream  comer  would  lead 
to  negative  pressures  and  so  it  is  to  be  expected  that  local  com¬ 
pressions  must  occur.  Even  if  the  jet  flow  is  subsonic  at  the 
orifice  then  expansion  about  the  ninety  degree  corner  would  lead 
to  a  local  region  of  supersonic  flow  bounded  downstream  by  a 
lambda  shock  wave,  similar  to  the  supersonic  bubble  region  exist¬ 
ing  on  a  body  traveling  transonlcally,  just  below  the  speed  of 
sound.  The  interaction  flow  may  well  be  tri -sonic  (sub-,  trans-, 
and  super-  sonic  flow  regions) . 

Several  approaches  to  even  the  perfect  fluid  flow  problem 
are  apparent.  Simple,  straightforward,  shock -expans ion  approaches 
are  used  in  this  report.  Detailed  analysis  of  any  one  particular 
type  of  Interaction  flow  should  be  accomplished  using  the  charac¬ 
teristics  theory  where  applicable. 
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The  stream  flow  over  the  slip  line  may  be  solved  by  using 
hypersonic  blunt  body  theory  for  strong  jets  with  detached  shock 
waves  or  by  using  shock  expansion  theory  for  weak  jets  for  which 
the  stream  shock  is  attached.  The  linear,  second,  and  third 
order  theories  are  not  applicable  in  determining  the  final  stream 
pressures  since  for  all  of  them,  it  is  necessary  that  m|2  6  <  1 
which  isn't  satisfied  by  the  flows  considered  herein.  The  problem 
is  split  into  two  separate  flows  and  matching  the  pressures  across 
the  slip  line,  which  may  be  regarded  as  a  membrane. 

The  viscid  effects  discussed  above  are  mentioned  in  more 
detail  during  the  following  analysis  of  each  of  the  different 
types  of  flows.  Three-dimensional  and  viscid  effects  are  mini¬ 
mized  for  the  weak  jets  considered  herein.  Real  gas  effects, 
particularly  important  for  the  hypersonic  flows  considered  herein, 
may  be  incorporated  in  the  results  of  any  specific  analysis. 

Their  inclusion  at  the  outset,  however,  would  make  intractable 
the  problem  of  determining  the  different  types  of  interaction 
effects  possible  and  of  predicting  the  conditions  leading  to  any 
particular  type  of  interaction  flow.  Real  gas  effects  introduce 
additional  variables,  and  any  tabulation  of  types  of  flows  would 
be  increased  by  an  order  of  magnitude  and  so  become  unwieldy. 

Physically,  the  given  parameters  are  the  stream  conditions, 
the  jet  reservoir  conditions,  and  the  shape  of  the  jet.  Under 
the  assumptions  of  two-dimensional  flows  of  compressible  Invlscid 
fluids  obeying  the  ideal  gas  law  and  having  constant  specific 
heat  ratios  of  seven -fifths,  there  are  three  meaningful  variables 
that  define  the  problem:  the  undisturbed  stream  Mach  number, 

Msi,  the  ratio  of  the  jet  reservoir  pressure  to  the  undisturbed 
stream  static  pressure,  P  =  Pjo/Psl^  so-called  design 

jet  Mach  number,  Mj^,  which  is  the  Mach  number  that  would  exist 
at  the  nozzle  exit  if  the  jet  were  exhausting  into  a  vacuum.  That 
these  variables  define  the  problem  is  partially  shown  by  the 
determinancy  of  the  problem  of  categorizing  the  types  of  inter¬ 
action  flows  by  using  the  variables  listed  above.  The  variables 
are  used  in  the  tables  shown  in  the  Appendix.  The  tables  may  be 
used  to  determine  roughly  the  type  of  interaction  flow  that  will 
prevail  for  given  conditions  and  will  enable  comparing  types  of 
flows  for  optimum  jet  operating  conditions  in  terms  of  maximum 
available  induced  control  forces. 

Evident  in  Fig.  4  of  the  preceding  subsection  is  the  in¬ 
creased  control  efficiency  of  very  weak  jets.  In  the  present  work 
attention  is  focused  on  weak  jets  which  are  two-dimensional  in 
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nature.  For  two-dimensional  analyses  to  be  applicable,  the  jet 
orifice  should  be  of  fairly  large  aspect  ratio,  such  as  the  slit 
type  orifice  which  is  recommended  for  use  herein,  in  addition  to 
the  pressure  ratio  having  a  small  value.  The  use  of  two- 
dimensional  analyses  is  therefore  mere  appropriate  here  than  it 
was  for  the  three-dimensional  Interaction  flows  studied  in  earlier 
analyses.  Although  strong  jets  are  still  treated,  the  emphasis 
is  on  weak  jets  leading  to  interaction  flows  which  may  be  pic¬ 
tured  to  be  similar  to  flows  over  surfaces  which  are  film  cooled. 
Indeed,  it  is  particularly  noted  that  weak,  slit  orifice,  jets, 
in  addition  to  yielding  large  interference  forces  and  therefore 
being  more  efficient  per  unit  of  reaction  fluid  than  strong  jets, 
may  also  be  used  to  film  cool  the  surface  downstream  of  the  ori¬ 
fice.  In  Ref.  5,  it  is  pointed  out  that  weak  jets  would  danger¬ 
ously  heat  the  surface  in  the  downwash  region  of  the  jet.  This 
effect  is  only  true  for  the  case  considered  therein  of  using  hot 
exhaust  gases  as  the  reaction  fluid  (specific  heat  ratio  y  of 
1.20).  The  present  analysis  is  for  a  compressible  reaction  jet  gas 
having  y  ■  1.40.  Upon  expanding  through  the  jet  nozzle,  the  gas 
would  be  further  cooled  and  would  be  much  cooler  than  the  boundary 
layer  air  over  the  vehicle.  For  the  case  of  very  weak  jets,  the 
interference  force  is  similar  to  the  problem  of  determining  pres¬ 
sure  fields  associated  with  small  mass  addition  to  the  flow  (Ref. 

9) .  The  two -dimensionality  depends  on  the  width  of  the  jet  being 
several  times  larger  than  the  penetration  distance  of  the  jet. 

Jets  of  circular  or  nearly  circular  cross  section  penetrate  the 
stream  and  offer  coiqparatively  little  induced  force.  Wide  jets, 
on  the  other  hand,  influence  a  large  portion  of  the  surface  and 
offer  the  possibility  of  large  induced  forces. 

The  analysis  presented  herein  may  be  considered  as  a  first 
approximation  to  indicate  the  magnitude  of  the  interference 
effects.  Other  approaches  have  been  found  to  be  inapplicable  in 
that  they  lead  to  erroneous  results  and  hide  essential  features 
of  the  flow. 
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CLASSIFICATION  OF  INTERACTION  FLOWS 


The  different  types  of  interaction  flows  possible  under  the 
restriction  of  monotonically  varying  pressure  along  the  slip  line 
are  classified  according  to  sets  of  values  of  the  pertinent 
parameters  and  Pjo/Psl  =  ^  this  section.  Given 

Mjjj  and  Mg]^,  the  type  of  interaction  and;  therefore,  the  ap¬ 
propriate  flow  model  to  be  used,  depends  on  the  value  of  P . 

Thus,  interaction  flows  are  characterized  by  ranges  of  values  of 
P;  the  values  of  P  at  the  extremities  of  the  ranges  are  used 
to  distinguish  one  type  of  interaction  flow  from  another  and  are 
tabulated  in  the  Appendix.  Equations  for  these  values  are  ob¬ 
tained  and  presented  in  this  section  along  with  necessary  sub¬ 
ordinate  calculation  procedures  and  accuracies  used  in  the  tables. 
Compressible  flow  equations  used  in  the  numerical  analyses  are 
set  forth.  At  first  the  jet  stagnation  (reservoir)  pressure  is 
taken  as  pjg  •  Psl  so  that  there  is  initially  no  jet  flow;  the 
stream  flow  is  uniform  over  the  flat  surface  in  which  the  jet 
nozzle  is  embedded.  The  pressure  ratio  P  is  then  increased 
and  the  different  types  of  resulting  interaction  flows  are  classi¬ 
fied  for  various  and  Mgj^  values.  Definitions  of  the  P 

values  separating  the  different  types  of  interaction  flows,  Pj 
through  Pyil^  summarized  in  the  table  on  page  31. 


Compressible  Flow  Equations 

The  familiar  equations  presented  here  are  those  used  most 
frequently  in  the  numerical  analyses  in  the  following  subsections. 
The  equations,  valid  for  perfect  gas  flows  with  y  ■  1.40  (cf. 
Ref.  10),  hold  for  both  the  stream  and  jet  flows. 

For  isentropic  expansion: 


P  0  ')  1 

-  (1  +  0.2M^)  ,  (1) 

where  subscript  0  refers  to  stagnation  conditions.  The  ratio 
of  stagnation  pressures  across  a  normal  shock  wave  is  given  by 
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^20 


M J  +  5  ^  ^  7M^  -  1 


5/2 


> 


(2) 


where  subscript  1  refers  to  conditions  in  front  of  the  shock 
and  subscript  2  to  conditions  behind  the  shock.  Another  useful 
relation  for  normal  shocks  from  Eqs.  (1)  and  (2)  is 


5/2 


(3) 


For  oblique  shock  waves 


7M^  sin^  9  -  1 

- 5 - 


(4) 


where  i  is  the  static  pressure  ratio  across  the  shock  and  9 
is  the  shock  angle.  The  flow  deflection  angle  6  for  an  oblique 
shock  is  given  by 


^  2  ^ 
tan  6 


TmJ  -  (6e  +  1) 
H~n 


5(e  -  1) 


7M:  -  5(e  -  1) 


(5) 


The  Mach  number  immediately  downstream  of  an  oblique  shock  is 
given  by 


5  (6i  +  1)M^  -  5(e^  -  1) 

“2 - (Ti-m - 


(6) 
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or,  solving  Eq.  (6)  for  the  pressure  ratio 


3(M 


M?)+ 


[3(M^  -  M^)  ]‘ 


(mJ  + 


5)  (M^  + 


5) 


2 

+  5 


(7) 


For  a  sonic  oblique  shock  wave,  that  is,  a  shock  for  v^ich 
M2  ■  1,  the  pressure  ratio  is 


M 


12mJ  +  39  . 


As  noted  in  Refs.  10  and  11,  no  explicit  oblique  shock  re 
lations  exist  for  the  frequently  encountered  case  of  given  Mi 
and  6.  The  shock  wave  angle,  and  thence  any  other  parameter, 
may  be  obtained  by  solving  the  following  cubic  for  G  ■  0: 


sin^  ®  +  gl  sin^  ®  +  g2  sin^  0  +  g^  , 


(9) 


where 


gi  “  ■ 


in}  +2  j 

- s —  +1.4  sin  6 


S' 


2m}  +  1  1.44M,^  +  0.4 


M, 


m: 


cos  5 
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Because  the  smallest  root  of  Eq. 
crease  in  entropy  it  has  no 
physical  meaning  and  should  be 
disregarded.  The  largest  root 
corresponds  to  the  strong  shock 
(M2  <  1)  solution  and  is  dis¬ 
regarded  in  this  treatment.  The 
weak  shock  solution  is  the  middle 
root  of  Eq.  (9)  for  G  -  0  and 
is  obtained  in  the  following 
manner.  Depending  on  the  prob¬ 
lem,  a  first  guess  is  made  for 
either  the  smallest  or  largest 
of  the  three  roots,  say  sin^  <|>. 
Then  G  and  its  derivative, 
dG/d(sin2  0)  ■  3  sin^  9  + 

2gi  sin2  0  +  g2,  are  calcula¬ 
ted.  As  a  second  guess  for 
either  the  smallest  or  largest 
root. 


(9)  for  G  «  0  indicates  a  de- 


(sin^  4>) 


new 


*>old 


dCsin-^  0)  / 


2 

The  above  steps  are  iterated  until  sin  <t>  is  found  to  the  de¬ 
sired  accuracy.  The  accuracy  used  for  the  tables  was  such  that 
the  iteration  ceased  once 


♦)new  -  *>010  ,  . 

- 5 -  <  4*10 

'*>old 

2 

so  five  figure  accuracy  for  sin  <)>  was  obtained.  The  shock  wave 
angle  is  then  given  by 


sin^  0 


-i(gi  +  sin  0) 


±  v/  [0*25(gi  +  sin^  <l>)  -  sln^  +  sin^  O)  -  g. 
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2 

The  plus  sign  is  used  when  sin  <1>  is  the  largest  of  the  three 
roots;  the  minus  sign  is  applicable  if  sin^  (!>  is  the  smallest 
root . 


The  parameters  in  the  above  equations  and  iteration  scheme  ap¬ 
pear  without  the  subscripts  s  and  j  (referring  to  the  stream 
and  jet  flows  respectively).  Either  subscript  may  be  used  consis¬ 
tently  in  any  of  the  equations  since  they  are  valid  for  both  the 
stream  and  jet  flows.  Thus,  for  isentropic  expansion  in  the  jet 
flow  from  the  reservoir  pressure  to  a  pressure  Pji>  from  Eq.  (1), 
PjO  “  Pjl(l-  +0.2  for  isentropic  expansion  in  the  streaip 

flow  from  the  pressure  behind  an  attached  shock  to  the  final  pres^- 
sure  pgf,  also  from  Eq.  (1),  Pg20  “  Psf^^  +  0.2 


Choked  Jet  Nozzles 


In  lieu  of  considering  simply  choked  jet  nozzles  as  done  pre¬ 
viously  (Refs.  2  through  7),  a  more  general  nozzle  shape  is  allowed 
here.  A  throat,  vdiich  may  be  the  throatling  valve,  is  allowed  to 
exist  so  that  the  jet  flow  may  expand  supersonically;  it  is  only 
required  that  the  nozzle  walls  be  perpendicular  to  the  undisturbed 
stream  at  the  surface.  The  pertinent  shape  factor  for  this  case 
is  the  ratio  of  the  jet  nozzle  throat  to  exit  areas,  A^/Ag,  whidh 
is  a  function  of  only  the  design  jet  Mach  number  (Ref.  10); 


(10) 


Mjd  is  taken  as  the  nozzle  shape  parameter 
be  two-dimensional;  indeed,  the 
two-dimensional  theory  used  herein 
for  the  interaction  flow  would  be 
a  better  approximation  if  the  noz¬ 
zle  expanded  transversely  to  the 
stream,  as  sketched  in  Fig.  7, 
rather  than  if  the  expansion  oc¬ 
curred  parallel  to  the  stream 
‘flow.  The  larger  the  aspect  ratio 
of  the  orifice,  the  better  the 
two-dimensional  approach  becomes. 


The  nozzle  need  not 


Supersonic  jet  flow  in  the 
nozzle  may  or  may  not  occur,  de¬ 
pending,  on  the  values  of 


Fig.  7  -  High  Aspect  Ratio 
Jet  Nozzle  Orifice 
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Mgi,  and  P.  Although  the  jet  flow  will  start  as  long  as  P  >  1, 
it  may  remain  subsonic  throughout  the  nozzle.  In  determining 
whether  or  not  the  nozzle  is  choked,  it  is  sufficient  to  deter¬ 
mine  if  the  jet  flow  is  restricted  at  some  exterior  point  more 
than  it  is  at  the  nozzle  throat.  This  "choking"  condition  is 
much  more  severe  than  the  ordinary  wind  tunnel  choking  condition. 

A  wind  tunnel  flow  must  be  supersonic  at  the  nozzle  exit;  if  a 
normal  shock  occurs  in  the  nozzle,  the  flow  is  considered  choked. 
The  ratio  of  the  tunnel  diffuser  and  nozzle  throat  areas  must 
exceed  the  total  pressure  ratio  across  a  normal  shock  at  to 

avoid  normal  shocks  in  the  nozzle  with  the  attendant  subsonic 
flow  at  the  nozzle  exit  (Ref.  12).  The  condition  used  herein  of 
a  restriction  in  the  external  jet  flow  to  an  area  equal  to  the 
nozzle  throat  area  prohibits  the  internal  jet  flow  from  being 
supersonic  anywhere;  no  shocks  can  exist  in  the  nozzle. 

As  the  value  of  P  increases  from  unity,  the  jet  flow  starts 
and  an  Interface  between  the  stream  and  jet  flows,  referred  to  as 
the  slip  line,  moves  outward  from  the  surface  to  allow  for  the  jet 
flow,  as  shown  in  Fig.  8.  For  weak  jets,  values  of  P  >  1,  the 


Fig.  3  -  Choked  Jet  Nozzle  Flow 


initial  angle,  5,  of  the  slip  line  is  quite  small.  At  least  in 
the  region  of  the  jet  orifice,  particularly  for  high  aspect  ratio, 
slit  type  orifices,  the  tangent  to  the  slip  line  at  the  upstream 
corner  remains  fairly  close  to  the  slip  line.  The  minimum  area 
section  of  the  external  jet  flow,  Aq,  is  almost  coincident  with 
the  perpendicular  from  the  downstream  corner  to  the  tangent  to 
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the  slip  line.  The  depth  of  the  jet  flow  at  the  downstream  cor¬ 
ner  is  taken  to  be  the  depth  (i.e,,  span  b)  of  the  jet  orifice. 
The  spreading  of  the  jet  flow  tends  to  compensate  for  the  differ¬ 
ence  in  height  above  the  downstream  corner  of  the  slip  line  and 
its  tangent  in  estimating  Ac-  The  pressure  decrease  in  the  jet 
flow  from  the  upstream  comer  to  must  be  compensated  for  by 

an  equal  decrease  in  the  stream  flow  pressure  on  the  other  side 
of  the  slip  line.  The  decrease  in  the  stream  pressure  is  accom¬ 
plished  through  Prandtl -Meyer  expansion  which  necessitates  the 
slip  line  curving  below  the  tangent.  Flow  separation  is  not  ex¬ 
pected  in  the  stream  upstream  of  the  orifice  for  these  weak  jet, 
film  cooling  type  flows .  Inviscid  subsonic  flow  around  the  sharp 
downstream  corner  theoretically  leads  to  the  existence  of  a  local 
supersonic  region  bounded  by  a  sonic  curve  perpendicular  to  the 
nozzle  wall  at  the  corner  and  meeting  a  lambda  type  shock  just 
downstream  of  the  comer.  Such  regions  would  probably  not  be 
observed  experimentally  due  to  viscid  effects;  this  question  is 
discussed  further  in  the  section  entitled  Conclusions  and  Recom¬ 
mendations  . 

With  depth  of  the  jet  flow  at  A(,  equalling  the  depth  of 
the  orifice,  it  follows  geometrically  and  from  the  above  that 


sin  6  »  7^  .  (11) 


From  the  preceding  paragraphs,  for  external  choking  so  that  the 
entire  nozzle  flow  is  subsonic,  A^  ■  A*.  Combining  this  with 
Eqs.  (10)  and  (11), 


sin  6 


5  +  M 


jd 


(12) 


for  choked  jet  flows.  The  pressure  ratio  P,  below  which  the 
flow  is  choked  and  the  nozzle  will  not  start,  is  referred  to  as 

Pi- 


The  value  of  Pj,  for  given  Mjjj  and  Mgi,  is  found  in 
the  following  manner.  Since  the  jet  flow  is  choked,  the  pressure 
at  the  upstream  comer  is  the  stagnation  pressure  of  the  subsonic 
jet  flow,  PjQ  (Ref.  14).  This  pressure  must  equal  the  stream 
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pressure  just  behind  the  attached  shock  wave  at  the  slip  line 
since  the  slip  line  cannot  support  a  pressure  difference.  Thus, 
for  choked  flows, 


P 


I 


PjO  PjO  Ps2  Ps2 
Psl  ’  Ps2‘Psl  "  Psl 


(13) 


The  value  of  4,  the  pressure  ratio  across  the  attached  shock, 
must  be  found  for  the  given  and  values.  The  flow 

deflection  angle  for  choking  for  Mjd  is  given  by  Eq.  (12) .  The 
iteration  scheme  using  Eq.  (9),  page  16,  is  used  to  obtain  the 
shock  wave  angle  for  the  flow  deflection  angle  6  and  for  the 
upstream  Mach  number  -  Mg];.  Due  to  the  expected  smallness  of 
6,  it  was  most  efficient  to  determine  first  the  largest  root  of 
Eq.  (9);  sin^  <t)  ■  1.0  was  used  to  start  the  iteration.  The 
value  of  i,  and  hence  Pj,  follows  from  Eqs.  (4)  and  (13)  once 
sin2  6  is  obtained. 

For  pressure  ratios  less  than  Pj  subsonic  flow  exists 
throughout  the  nozzle  and  the  reservoir,  stagnation, pressure 
exists  at  the  upstream  comer.  Higher  pressure  ratios  indicate 
that  supersonic  nozzle  flow  can  start  and  hence  that  normal  shocks 
may  occur  in  the  divergent  part  of  the  nozzle.  The  jet  stagna¬ 
tion  pressure  would  thereby  be  reduced  along  with  the  stream  flow 
deflection  angle,  and  as  indicated  in  the  following  section,  the 

efficiency  of  the  jet  as  a  control  device  would  be  decreased. 

The  above  choking  criteria  apply  only  for  attached  stream 
shocks  such  that  Mg2  >  !•  The  case  of  detached  shock  waves  is 
discussed  in  a  later  subsection.  The  theoretical  maximum  flow 
deflection  angle,  for  which  the  shock  wave  can  be  attached  and 
Ms2  ■  is  attained  for  infinite  upstream  Mach  number  and,  from 
Eq.  (5),  is  given  by  sin  6  *  5/7.  Using  this  value  in  Eq.  (12), 
it  follows  that  for  all  Mj^j  <  1.763  the  jet  flow  will  always  be 

choked  for  all  stream  flows  with  attached  shocks.  For  these  cases 

it  is  unnecessary  to  consider  the  possible  existence  of  normal 
shocks  in  the  nozzle  with  their  attendant  jet  pressure  losses. 


Sonic  Jet  Flow 


The  exterior  jet  flow  may  expand  downstream  and  become  super¬ 
sonic  whether  or  not  it  is  choked  and  is  subsonic  throughout  the 
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nozzle.  The  pressure  along  the  slip  line  decreases  monotonically 
to  some  final  value,  say  pgf  -  Pjf>  which  point,  for  jet 
flow  continuity,  the  slip  line  becomes  parallel  to  the  surface. 
Inviscidly,  the  jet  and  stream  flows  then  continue  with  constant 
flow  properties.  Viscidly,  the  mixing  of  the  jet  and  stream  flows 
will  occur  more  rapidly  if  the  jet  flow  is  subsonic  rather  than 
supersonic.  The  final  jet  flow  will  be  sonic  if 


Pj  f 

—  -  0.5283  ,  (14) 

Pje 


where  pjg  is  the  jet  flow  pressure  at  the  start  of  the  slip 
line.  The  corresponding  value  of  P  is  referred  to  as  Pjj  and 
is  given  by: 


.  £l0  _  Pjp  Pje  Ps2 

^sl  ^je  ^s2  ^sl 


(15) 


Because  the  slip  line  does  not  support  a  pressure  difference, 
Pje  “  Ps2  Pjf  •  Psf*  'Thus,  from  Eq.  (14), 


Psf 

—  -  0.5283  . 

Ps2 

In  lieu  of  using  an  iteration  scheme  which  would  be  required  to 
find  Pj!  for  given  and  Mg]_,  an  inverse  scheme  is  used. 

A  value  is  chosen  for  Mg2  and  then  the  corresponding  value  of 
Msl  is  calculated: 

1.  Pick 

2.  Find  Pg2/Ps20  Prandtl-Meyer  angle  V2 

corresponding  to  Mg2  fi^om  tables  such  as  those 
in  Ref .  10 . 
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3 .  Calculate 

Pqf  Pgf  Ps2  Ps2 

.  0.5283  . 

Ps20  Ps2  Ps20  ^820 

4.  Find  the  final  Prandtl -Meyer  angle  Vf  correspond¬ 
ing  to  the  value  of  Psf/Ps20  tables  (e.g., 

Ref .  10)  . 

5.  The  total  expansion  angle  of  the  stream  is 

Av  -  -  V2  . 

6 .  The  deflection  angle  must  equal  the  expansion 
angle,  6  -  Av . 

7.  Find  Mgi  and  i  corresponding  to  Mg2  and  6 
from  tables  (e.g..  Ref.  11),  or  else  by  solving 
Eqs.  (5)  and  (7)  iteratively. 

Thus,  there  remains  only  the  calculation  of  Pjo/Pje 
the  evaluation  of  Pjj  from  Eq.  (15),  (Pje  “  Ps2 
Ps2/Psl  ”  ^  is  known  from  step  7  of  the  above  calculation 
scheme)  .  If  the  jet  nozzle  is  choked,  then  pjg  ■  Pj0» 
subsonic  jet  flow  stagnates  at  the  upstream  comer.  If  the  noz¬ 
zle  is  not  choked,  then  large  pressure  losses  may  occur,  depend¬ 
ing  on  the  design  jet  Mach  number.  As  the  jet  reservoir  pressure 
is  increased,  the  slip  line  is  forced  further  away  from  the  sur¬ 
face,  the  initial  angle  increasing  with  Pg2  “  Pj0»  until  the 
jet  flow  becomes  sonic  at  the  nozzle  throat.  Because  the  slip 
line  tends  to  remain  as  close  as  possible  to  the  surface,  further 
increases  in  jet  reservoir  pressures  are  compensated  by  a  normal 
shock  in  the  nozzle  close  to  the  throat,  the  slip  line  angle  re¬ 
maining  constant.  The  largest  the  pressure  loss  could  be  is 
across  a  normal  shock  near  the  nozzle  exit.  The  minimum  pressure 
ratio  above  which  the  jet  flow  must  become  sonic  is  that  of  the 
stagnation  pressures  across  a  normal  shock  with  upstream  Mach 
number  Mj^  [given  by  Eq.  (2)]. 


Sonic  Stream  Shock 


As  the  jet  pressure  increases,  the  slip  line  moves  outward; 
the  initial  stream  deflection  angle  increases,  and  Mg2 


Research  Dept. 
RE- 154 

February  1962 


Page  24 


Further  pressure  increases  cause  the  stream 


creases  to  unity, 
shock  to  curve  significantly 
and  necessitate  other  than 
Prandtl -Meyer  expansion  flow 
analysis  in  the  expansion 
region  downstream  of  the 
shock.  Three  cases  now  arise: 
The  jet  nozzle  may  be  choked; 
there  may  be  normal  shocks  in 
the  jet  nozzle;  or  there  may 
be  a  shock  in  the  jet  flow 
attached  at  the  upstream 
corner,  as  sketched  in  Fig.  9. 
The  three  cases  are  considered 
separately  in  arriving  at  the 
maximum  pressure  ratio,  Piii> 
for  which  the  stream  shock 
will  be  sonic. 

If  the  nozzle  is  choked, 
then  the  jet  pressure  at  the 
upstream  corner  is  p^Q  which 
sonic  stream  shocks  “  1) 


Fig.  9  -  Flow  for  Both 
Stream  and  Jet  Attached 
Shocks 


must  be  equal  to  Ps2*  Thus,  for 


P 


III 


Ps2 


Ps2 

[Psl 


(16) 


which  is  a  function  of  only  Mg^ 


given  by  Eq.  (8) . 


If  the  nozzle  is  in  flow,  (i.e.,  if  the  nozzle  "starts"  and 
the  jet  flow  is  supersonic  downstream  of  the  nozzle  throat), 
then  for  maximum  pressure  losses. 


P 


III 


Pj20  Ps2  ^s2“^ 


(17) 


The  first  factor  is  given  by  Eq.  (2);  the  second  factor  is  unity, 
and  the  third  factor  is  given  by  Eq.  (8) . 
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The  third  alternate  of  two  attached  shocks,  sketched  in 
Fig.  9,  is  possible  only  for  large  enough  values  of  both 
and  Mgi  indicated  in  Fig.  10.  For  the  sets  of  Mach  number 
values  below  the  curve,  the 
stream  shock  bends  and  detaches 
before  a  jet  shock  can  attach  at 
the  upstream  corner.  In  the 
region  above  the  curve,  it  is 
theoretically  possible,  as  the 
jet  reservoir  pressure  is  in¬ 
creased,  for  the  jet  shock  to 
move  out  of  the  nozzle  and  be¬ 
come  an  oblique  shock  attached 
at  the  start  of  the  slip  line 
before  the  stream  shock  bends 
and  detaches.  The  initial  slip 
line  angle  is  within  the  range 
45  ±  1  degree;  if  the  angle  be¬ 
tween  the  upstream  nozzle  wall 
and  surface  is  greater  than 
92  degrees,  then  both  shocks 
can  not  be  attached  simultane¬ 
ously.  Real  gas  effects,  im¬ 
portant  particularly  for  large 
Mach  numbers  and  strong  shocks 
such  as  those  required  for  this 
case,  slightly  increase  the 
downstream  pressure  and  make 
more  dubious  the  existence  of 

this  theoretical  case.  Still,  for  large  Mj^j  and  Mg^  values, 
there  must  be  a  transition  region  between  attached  stream  shocks 
and  attached  jet  shocks;  the  forces  acting  on  the  surface  during 
this  transition  may  best  be  estimated  by  considering  this  theo¬ 
retical  model  until  experimental  results  are  available. 


Fig.  10  -  Mach  Numbers  for 
Which  Stream  and  Jet 
Shocks  May  Both  Be  Attached 


M 


s2 


For  two  attached  shocks,  as  shown  in  Fig.  9,  and  for 
-  1: 


P 


III 


Pjl  Pj2  Ps2 


(18) 
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As  above,  the  fourth  factor  in  Eq.  (18)  is  obtained  using  Eq.  (8), 
page  16.  Because  of  pressure  equality  across  the  slip  line,  the 
third  factor  is  unity.  The  stream  flow  deflection  angle  6  is 
obtained  using  Eq.  (5);  its  complement,  the  jet  flow  deflection 
angle  6 j ,  is  6j  «  90°  -  6.  Knowing  6j  and  (Pj2/Pjl) 

may  be  found  from  the  tables  in  Ref.  11  or  else  may  be  calculated 
using  Eq.  (4)  once  the  jet  shock  angle  has  been  determined.  An 
iteration  process,  such  as  the  one  on  page  16,  must  be  used  if 
the  jet  shock  angle  is  to  be  calculated.  Because  of  the  large¬ 
ness  of  6j  and  Mj^j,  one  root  of  Eq.  (3)  must  be  quite  small. 
Concentrating  on  the  smallest  root,  a  first  guess  for  the  itera¬ 
tion  is  simply  sin^  <(>  -  0.  Once  (Pj2/Pil)  known,  its  in¬ 
verse,  which  is  the  second  factor  in  Eq.  (18),  may  be  calculated. 
The  first  factor  in  the  equation  is  given  by  Eq.  (1),  page  14, 
for  isentropic  expansion  to 


Strong  Stream  Shock 


At  higher  values  of  P 
shock  is  increased  (equalizing 
the  increased  pressure  in  the 
jet  flow  at  the  start  of  the 
slip  line) ;  the  stream  flow 
immediately  behind  the  strong 
shock  becomes  subsonic;  the 
shock  becomes  curved  and 
finally  becomes  normal  at  the 
wall  and  detaches.  Such  a  flow 
for  an  ■  1.0  nozzle  is 

sketched  in  Fig.  11.  The  stream 
flow  deflection  angle  6  re¬ 
mains  essentially  constant  as  the 
shock  changes  from  sonic  to  nor¬ 
mal  at  the  wall;  the  fractional 
degree  change  in  6  is  beyond 
the  accuracy  of  this  theoretical 
development.  As  before,  there 
are  the  three  cases;  choked 


the  pressure  behind  the  stream 


Fig,  11  -  Strong  Stream 
Shock  for  M.  ,  ■  1,0  Nozzle 


jet  nozzle,  normal  shocks  in 

nozzle,  or  an  attached  jet  shock  at  the  start  of  the  slip  line. 
For  all  three  cases  the  stream  stagnates  at  the  start  of  the 
slip  line.  The  pressure  ratio  above  which  the  stream  shock  will 
always  be  normal  to  the  wall  is  referred  to  as 
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If  the  jet  nozzle  is  choked. 


P 


IV 


PjO  Ps20 

Ps20  Psl 


(19) 


The  first  factor  is  unity  because  of  pressure  equalization  across 
the  slip  line.  The  second  factor  is  given  by  Eq.  (3),  page  15. 

If  there  are  normal  shocks  in  the  jet  nozzle  flow, 


_  PjO  Pj20.Ps20 
Pj20  Ps20  Psl 


(20) 


For  maximum  jet  pressure  losses,  the  first  factor  is  given  by 
Eq.  (2)  for  a  normal  shock  at  Mj^.  The  second  factor  is  unity, 
and  the  third  factor  is  given  by  Eq.  (3) . 

If  there  is  a  shock  attached  at  the  start  of  the  slip  line 
in  the  jet  flow. 


.  Pjl  Pj2  .Ps20 
IV  Pji  Pj2  Ps20  Psl 


(21) 


The  first  factor  may  be  calculated  using  Eq.  (1),  page  14, 
for  isentropic  expansion  to  As  noted  in  the  first  para¬ 

graph  of  this  subsection,  the  flow  deflection  angle  6  is  the 
same  as  for  a  sonic  stream  shock,  well  within  the  accuracy  of 
this  report.  Hence,  6j  and  then  (Pjl/Pj2)  determined  in 

the  same  manner  as  they  are  for  Eq.  (lo) ,  page  25.  The  third 
factor  in  Eq.  (21)  is  unity,  and  the  fourth  factor  may  be  calcu¬ 
lated  using  Eq.  (3),  page  15. 


Strong  Jet  Shock 

Another  limiting  condition,  apparent  in  some  of  the  preced¬ 
ing  subsections,  is  that  of  the  strongest  shock  wave  possible  in 
the  jet  flow:  a  normal  shock  wave  just  upstream  of  the  nozzle 
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exit.  Maximum  jet  pressure  losses  occur  for  this  condition  which 
corresponds  to  a  value  of  P  referred  to  as  Py.  At  all  lower 
pressure  ratios,  the  jet  shock,  if  one  exists,  is  further  upstream 
of  the  nozzle  exit.  At  all  higher  pressure  ratios  there  is  a  jet 
shock  attached  at  the  upstream  corner.  Thus,  as  the  pressure 
ratio  increases,  a  normal  shock  in  the  jet  nozzle  moves  downstream 
until  it  attaches  at  the  slip  line.  Similarly  to  stream  deflec¬ 
tion  angles  being  essentially  equal  for  the  sonic  and  strong 
stream  shock  cases,  the  jet  flow  deflection  angle  at  the  slip 
line  is  essentially  equal  to  the  angle  for  which  the  jet  shock 
would  be  sonic  at  the  slip  line.  Just  two  cases  arise  in  this 
instance:  detached  and  attached  stream  shocks. 

If  the  stream  shock  is  detached. 


i 

I 

I 

r 


*7* 


1 


PjO  Pj 20  Ps20 

Pj20  ^s20  Psl 


(22) 


The  first  factor  is  given  by  Eq,  (2),  page  15,  for  a  normal  shock 
at  Mjd  with  upstream  stagnation  pressure  equal  to  pjQ*  Equal 
pressures  across  the  slip  line  at  its  start  make  the  second  factor 
unity.  The  third  factor  may  be  calculated  using  Eq.  (3) . 

If  the  stream  shock  is  attached. 


p  .  Pj20  Ps2 
^  Pj20  Ps2  Psl 


(23) 


Again,  the  first  factor  is  given  by  Eq.  (2),  and  the  second 
factor  is  unity.  The  jet  flow  deflection  angle  6j  must  be  de¬ 
termined  in  order  to  calculate  the  third  factor  in  Eq.  (23) .  As 
noted  above,  6j  is  considered  invariant  in  this  treatment  as 
the  jet  shock  curves  and  becomes  sonic.  Thus  5j  is  determined 
by  using  Eq.  (5),  page  15,  for  upstream  Mach  number  equal  to  Mjd 
and  for  a  pressure  ratio  (^4)  given  by  Eq.  (8) .  The 

Mj2-1 

stream  flow  deflection  angle  is  6  ■  90°  -  6 j .  Tables,  such  as 
those  in  Ref.  11,  are  then  used  to  obtain  (Ps2/Psl)  correspond¬ 
ing  to  the  values  of  6  and 
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Sonic  Jet  Shock 


As  the  pressure  ratio  increases,  the  normal  jet  shock  at  the 
nozzle  exit  attaches  at  the  start  of  the  slip  line,  bends,  and 
then  becomes  a  sonic  shock.  For  pressure  ratios  higher  than  Pyi^ 
the  jet  flow  is  supersonic  everywhere  (downstream  of  the  nozzle 
throat) ,  and  so  is  amenable  to  solutions  using  purely  supersonic 
methods.  The  stream  shock  may  be  either  detached  or  attached. 

If  the  stream  shock  is  detached. 


PJO  Pjl  Pj2  Ps20 
Pjl  Pj2  ^820  ^sl 


(24) 


For  sonic  jet  shocks  Mj2  “  1.0  and  ^ j ,  a  function  of  only 
Mjd.  is  given  by  Eq.  (8),  page  16.  Thus,  the  first  factor  in 
Eq.  (24)  may  be  obtained  from  Eq.  (1)  for  isentropic  expansion  to 
Mjjj  and  the  second  factor  is  just  the  reciprocal  of  ? j  .  The 
third  factor  is  unity,  and  the  fourth  factor  may  be  obtained  from 
Eq.  (3). 

If  the  stream  shock  is  attached. 


PjQ  Pjl  ^3  2  Ps2 
Pjl  Pj2  Ps2  Psl 


(25) 


The  first  two  factors  in  Eq.  (25)  may  be  obtained  in  the  same 
manner  as  for  Eq.  (24) .  The  third  factor  is  unity  because  the 
slip  line  cannot  support  a  pressure  difference.  Knowing  and 

Mjd^  Eq.  (5),  page  15,  may  be  solved  for  6 j .  The  stream  flow 
deflection  angle  is  6  -  90°  -  6 j .  Tables,  such  as  those  in  Ref. 
11,  may  then  be  used  to  obtain  the  fourth  factor  in  Eq.  (25) 
corresponding  to  the  values  of  and  6. 


Strong  Jet 

As  the  pressure  ratio  increases  still  further,  the  slip  line 
moves  outward  and  becomes  normal  to  the  wall;  the  stream  deflection 
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angle  is  90  degrees  and  the  flow  resenbles  the  strong  jets  de¬ 
scribed  in  the  preceding  sections.  Viscid  and  three-dimensional 
effects  are  most  important  for  this  case.  Separation  will  occur 
in  the  stream  flow  ahead  of  the  jet  and  also  in  the  jet  flow  at 
the  downstream  corner  of  the  nozzle.  The  jet  will  penetrate  the 
fluid  rather  than  purely  pushing  it  away  from  the  surface.  The 
pressure  ratio  Pyil  required  for  the  slip  line  to  be  perpendicu¬ 
lar  to  the  wall  may  only  be  roughly  calculated  using  the  inviscid 
analysis : 


^VII 


PjO  Pjl  Ps20 
Pjl  Ps20  ^sl 


(26) 


The  first  factor  is  given  by  Eq.  (1),  page  14,  for  isentropic  ex¬ 
pansion  to  For  6  =  90°  there  is  neither  jet  flow  com¬ 

pression  nor  expansion  at  the  upstream  comer  so  the  jet  pressure 
is  just  pj]_  which  must  equal  the  stagnated  stream  pressure 
Ps20*  Thus,  the  second  factor  in  Eq.  (26)  is  unity.  The  last 
factor  may  be  obtained  using  Eq.  (3) . 


Definitions  of  the  pressure  ratios  Pi  through  Pyu 

presented  on  page  31.  Values  of  P  for  the  seven  limiting  cases 
are  tabulated  versus  Mgi  in  the  Appendix  for  22  values  of  Mjd* 
The  various  flow  conditions  in  the  regions  bounded  by  the  limit 
curves  are  graphed  and  described  in  the  following  section  for 
sample  cases.  In  several  instances,  some  limit  curves  are  co¬ 
incident,  but  the  flow  regions  neither  overlap,  which  would  indi¬ 
cate  indeterminacy  and  nonuniqueness  of  the  solution,  nor  leave 
voids,  which  would  indicate  no  stable  solutions,  in  the  plots. 
Sample  force  calculations  are  also  given  in  the  following  section. 
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SUMMARY  OF  SOME  DEFINITIONS 
FOR  THE  PRESSURE  RATIOS  P^  THROUGH  P^jj 


H 


:»  ^iii 


Choked  jet 
nozzle 


Sonic  jet 
flow 


Sonic  stream 
shock 


For  all  P  <  Pj,  the  jet  nozzle  is 
choked  and  the  flow  ever5rwhere  in  the 
nozzle  is  subsonic . 


For  all  P  >  Pji,  the  final  (external) 
jet  flow  is  supersonic 


For  all  P  <  Piii>  there  is  an  oblique 
shock  wave  in  the  stream  flow  attached 
at  the  start  of  the  slip  line;  the 
stream  flow  is  supersonic  everywhere. 


"f- 

i 


Strong  stream  For  all  P  >  P^y^  stream  shock 

shock  wave  is  detached  from  the  slip  line  and 

is  normal  to  the  wall. 


Strong  jet 
^  shock 

H 

Pd 


For  all  P  <  Py,  the  jet  flow  is  sub¬ 
sonic  at  the  nozzle  exit;  normal  shocks 
exist  in  the  nozzle  if  the  jet  flow  is 
sonic  at  the  nozzle  throat . 


o 

o 

Pi 

H 

CO 


VI 


VII 


Sonic  jet 
shock 


Strong  jet 


For  all  P  >  Pyi,  the  jet  flow  is 
supersonic  everywhere  downstream  of  the 
nozzle  throat. 


For  all  P  >  Pyxi#  the  jet  flow  expands 
upstream  upon  leaving  the  nozzle. 
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FLOW  REGIMES  AND  FORCES 


Reaction  jet  efficiency  as  a  control  device  depends  upon  the 
sum  of  the  Newtonian  reaction  force  and  the  additional  force  ex¬ 
erted  on  the  surface  due  to  the  interaction  of  the  jet  and  stream 
flows.  Interaction  forces  and  procedures  for  calculating  them 
vary  greatly  for  the  different  types  of  interaction  flows  which 
are  uniquely  determined  by  sets  of  values  of  Mgi,  and  P. 

The  different  types  possible  for  a  given  value  of  may  be 

associated  with  the  regions  bounded  by  the  Pj  through  Pyil 
curves  in  a  P  versus  diagram.  Values  of  the  limiting 

pressure  ratios  are  plotted  versus  Mgj^  for  four  representative 
jet  nozzles  values  of  1,  5,  12,  and  30)  .  The  type  of  in¬ 

teraction  flow  characteristic  of  each  flow  regime  (P  -  Mgj^  re¬ 
gion)  is  described  by  referring  to  the  four  sanqjle  plots,  even 
though  the  salient  features  for  >  12  flows  may  only  be  of 

academic  interest.  A  qualitative  comparison  is  made  of  the  vari¬ 
ous  control  forces  available,  and  sample  forces  are  calculated. 


Jet  Reaction  Forces 


The  Newtonian  reaction  force  of  a  jet  exhausting  into  ambient 
air  at  pressure  p^  may  be  written  as 


-  (PaVe)^  '  <”) 

where  p  is  the  jet  flow  density,  V  is  the  velocity,  A  is 
the  jet  flow  cross-sectional  area,  subscript  a  refers  to  condi¬ 
tions  when  the  jet  flow  pressure  has  expanded  to  the  ambient 
pressure,  and  subscript  e  refers  to  conditions  at  the  jet  noz¬ 
zle  exit.  The  term  Inside  the  parentheses  is  the  weight  efflux 
W  of  the  jet  flow  and  the  specific  impulse  of  the  jet,  a  measure 
of  its  efficiency,  is:  la  "  continuity  and  momentum 

considerations,  the  final  jet  velocity  is  (Ref.  13) 


+ 

a  e 


Pe  '  Pa 
Pe^e  . 


(28) 
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Combining  Eqs.  (27)  and  (28),  using  the  perfect  gas  relationship 
pv2  ■  7pm2,  and  setting  y  •  1.40  yields 


^a  - 


(1  +  l-AM^Pg  -  p 


a 


(29) 


The  reaction  force  is  a  function  of  Me#  Pe#  p^;  these 

flow  parameters  are  strongly  affected  by  the  interaction  of  the 
jet  and  stream  flows.  Thus,  the  reaction  force  cannot  be  calcula¬ 
ted  until  the  interaction  flow  is  analyzed.  There  are,  however, 
two  hypothetical  values  of  the  reaction  force  that  may  be  calcula¬ 
ted  and  used  for  the  purpose  of  comparison.  The  hypotheses  are 
that  the  exit  conditions  are  the  design  conditions  of  the  jet 
nozzle  and  that  the  external  pressure  at  the  nozzle  exit  is  either 
zero  or  equal  to  Psi*  The  reaction  force  for  exhaustion  into  a 
vacuum  is,  using  Eqs.  (1)  and  (29), 


1  +  1.4M 


‘jd 


(1  +  0.2Mjj) 


m  "jO^e  •  <6> 


1  +  1.4M 


^jd 


PjO^Or 


(30) 


where  Eq.  (10),  page  18,  was  used  in  relating  Ag  and  A^.  The 
reaction  force  for  exhaustion  into  ambient  air  at  pressure 
Pa  “  Psl  using  Eqs.  (1)  and  (29), 


F 


a 


1  +  1.4Mj^ 

,  7/2  PjO  ■  Psl 

(1  +  0.2Mj^) 


A 


e 


(31) 


The  vacuum  reaction  force  for  sonic  nozzles,  given  by  Eq.  (30) 
with  Mjd  •  1.0  and  A^  ■  A^,  is  used  for  conq>arlson  purposes 
in  Refs.  (6)  and  (7) . 
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The  hypothetical  reaction  forces  given  in  Eqs.  (30)  and  (31) 
are  maximum  values,  upper  limits  on  the  values  of  the  reaction 
forces  that  would  occur  in  interacting  stream  and  jet  flows.  It 
is  known  that  the  final  pressure  of  the  jet  must  equal  the  final 
stream  pressure,  Psf^  this  occurs  after  the  jet  has  been 

bent  downstream  and  is  parallel  to  the  wall.  The  force  value  will 
be  between  the  values  given  by  expansion  to  pgf  and  by  no  expan¬ 
sion  (in  which  case  pg  is  the  final  pressure) ,  The  evaluation 
of  pe  is  also  a  problem  because  of  its  variance  from  the  up¬ 
stream  corner  to  the  downstream  corner  across  the  width  of  the 
jet.  If  Mg  is  subsonic,  then  the  flow  stagnates  at  the  upstream 
corner  but  expands  at  the  downstream  corner.  Eqs.  (30)  and  (31) 
exaggerate  the  values  of  the  reaction  forces  particularly  for  weak 
jets  for  which  the  static  pressure  outside  the  nozzle  exit  will 
exceed  pg  and  for  which  there  usually  will  be  shock  pressure 
losses  in  the  jet  nozzle.  Thus,  the  importance  of  the  interaction 
forces  are  underestimated  by  comparing  them  with  the  reaction 
forces  Fg  or,  even  more  so,  with 


Interaction  Forces 


The  interaction  forces  are  those  due  to  pressure  variations 
over  the  surface  from  which  the  jet  issues.  The  pressure  may 
either  increase  or  decrease  because  of  the  interaction  flow.  Thus, 
for  a  strong  three-dimensional  jet  of  the  type  sketched  in  Fig.  1, 
the  surface  pressure  will  be  increased  upstream  of  the  jet  orifice 
in  the  region  behind  the  detached  stream  shock  but  will  be  de¬ 
creased  downstream  of  the  orifice  (Ref.  8) .  For  weaker,  two- 
dimensional  jets,  increased  surface  pressures  are  expected  both 
upstream  and  downstream  of  the  orifice.  The  increas'^d  pressure 
upstream  is  due  to  the  increased  boundary  layer  thickness  (as 
shown  in  Fig.  3)  and  the  pressure  jump  across  the  stream  shock 
(Refs.  5  and  8).  The  increased  pressure  downstream  of  the  orifice 
may  be  predicted  on  theoretical  grounds  for  weak  jets  and  is  the 
prime  subject  of  this  report. 

The  two-dimensional  jet  displaces  the  stream  flow  away  from 
the  surface.  The  stream  flow  is  first  conqpressed.  It  then  ex¬ 
pands  until  the  slip  line  becomes  parallel  to  the  surface.  The 
pressure  acting  along  the  slip  line  is  assumed  to  be  imposed  on 
the  surface  (l.e.:  the  pressure  is  assumed  constant  across  the 
jet  downstream  of  the  orifice) . 
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Deflections  of  supersonic  streams  resulting  in  nonisentropic 
compressions  of  the  fluid  increase  the  pressure  more  than  equal 
angle  expansions  decrease  it;  thus,  the  pressure  on  the  slip  line 
is  greater  than  the  free  stream  pressure.  This  pressure  rise  is 
imposed  on  the  surface  aft  of  the  orifice  and  produces  a  force 
in  the  same  direction  as  the  reaction  force.  The  effect  becomes 
more  pronounced  as  the  stream  Mach  number  is  increased.  Even  for 
two-dimensional  jets  of  moderate  strength,  having  detached  stream 
shocks,  there  is  a  large  pressure  rise  along  the  streamline. 

These  effects  are  obviously  important  in  the  blunt  leading  edge 
phenomena  peculiar  to  hypersonic  flows.  A  little  blunting  causes 
the  pressure  to  far  exceed  its  free  stream  value.  The  decay  in 
the  pressure  on  the  surface  parallel  to  the  free  stream  is  par¬ 
ticularly  gradual  for  hypersonic  streams  because  of  the  extreme 
slope  of  the  expansion  waves  reflected  from  the  shock  wave.  The 
inviscid  pressure  rise  is  independent  of  the  height  of  the  step 
and  thus  of  the  size  of  the  jet  mass  flow.  Including  viscid 
effects,  the  pressure  rise  persists  for  very  many  step -height  dis 
tances  downstream.  Hence,  positioning  a  two-dimensional  jet  near 
a  leading  edge  would  increase  the  pressure  acting  on  the  entire 
surface  downstream  of  the  jet.  On  the  other  hand,  by  first  ex¬ 
panding  the  stream  and  then  shocking  it  through  an  equal  angle, 
the  pressure  is  greatly  reduced.  Thus,  using  the  shock  expansion 
theory  for  a  free  stream  flow  with  Mgi  -  7.0  and  pressure  pgi 
(Fig.  12)  the  final  pressure  is  twice  the  value  of  pg^  if  the 
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flow  is  first  compressed  and  then  expanded  through  30  degrees;  the 
final  pressure  is  one -fiftieth  the  value  of  the  free  stream  pres¬ 
sure  if  the  flow  is  first  expanded  and  then  compressed  through 
30  degrees  (Refs.  10  and  11). 

Pressures  along  the  slip  lines  for  interaction  flows  having 
attached  stream  shocks  may  be  calculated  using  the  shock  expan¬ 
sion  theory.  The  initial  flow  deflection  angle  is  calculated  for 
jet  and  stream  pressure  equalization  at  the  start  of  the  slip  line. 
The  flow  conditions  downstream  of  the  shock  are  found  for  the  free 
stream  conditions  and  flow  deflection  angle  (Ref.  11).  Prandtl- 
Meyer  expansion  is  then  used  until  the  slip  line  is  parallel  to 
the  surface  (Av  •  6) .  Linear,  second,  and  third  order  small 
perturbation  theories  were  used  to  obtain  explicit  relations  for 
V,  thereby  avoiding  the  necessity  of  using  tables,  but  even  the 
third  order  theory  fails  and  fails  badly  (negative  values  of 
Psf/Ps2  were  indicated)  unless  MjS  <  1  (which  is  not  satisfied 
for  these  cases) .  Interaction  forces  are  obtained  by  integrating 
the  pressures,  calculated  using  the  shock  expansion  theory,  over 
the  surface. 

Flow  regimes  for  which  the  stream  shock  is  detached  pose  a 
more  complicated  problem.  The  initial  flow  deflection  angle  must 
be  determined  by  analysis  of  both  jet  and  stream  flows.  The 
stream  flow  stagnates  at  the  start  of  the  slip  line,  and  the  pres¬ 
sure  then  decreases  monotonically  until  the  slip  line  is  parallel 
to  the  surface.  The  modified  Newtonian  impact  theory  may  be  used 
in  conjunction  with  the  shock  expansion  theory  to  determine  pres¬ 
sures  along  slip  lines  (Refs.  14  and  15)  .  The  stream  pressure 
drop  from  its  stagnation  value  at  the  start  of  the  slip  line  is 
taken  proportionally  to  the  sine  square  law  up  to  the  point  where 
the  slope  of  the  pressure  curve  matches  that  obtained  by  using 
Prandtl -Meyer  expansion. 

The  detailed  shape  of  the  slip  line  may  require  matching 
pressure  variations  along  the  slip  line  for  supersonic  and  sub¬ 
sonic  flows.  For  exanqjle,  the  external  jet  flow  may  be  subsonic 
whether  or  not  the  stream  shock  is  detached.  The  jet  flow  at  the 
start  of  the  slip  line,  being  subsonic  flow  in  an  interior  corner, 
may  be  represented  as  potential  flow  and  solved  using  a  trans¬ 
formation.  The  pressure  variation  along  the  slip  line  must  match 
that  obtained  from  supersonic  theory  for  the  stream  flow. 

The  over -pressure  downstream  of  the  orifice  may  also  be  cal¬ 
culated  using  blast  wave  theory  (Refs.  16  and  17).  Although  this 
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theory  shows  the  gradual  decay  of  the  over -pres sure,  it  is  not 
strictly  applicable  to  flows  over  blunt  bodies  with  small  curva¬ 
ture  (such  as  the  slip  line  shape  for  detached  stream  shocks) . 

The  height  of  the  step  is  large  enough  so  that  either  the  body 
length  would  be  exceeded  or  three-dimensional  effects  would  pre¬ 
dominate  before  there  was  significant  decrease  in  the  over¬ 
pressure  o 

Interaction  forces  are  again  obtained  by  integrating  the  over¬ 
pressures  over  the  surface.  For  detached  shocks,  the  shock  stand¬ 
off  distance  must  be  calculated  and  the  additional  force  due  to 
the  increased  pressure  between  the  shock  and  the  jet  orifice  must 
be  included  (Refs.  5  through  8).  Boundary  layer  separation  proba¬ 
bly  will  occur  before  the  jet,  as  before  a  step,  and  streamline 
the  effective  body  shape.  The  pressure  distribution  would  be 
strongly  affected;  viscid  effects  should  be  considered  in  arriv¬ 
ing  at  the  effective  body  shape  (Ref.  8) .  Forces  obtained  by 
pressure  integrations  are  shown  in  examples  in  the  subsection 
entitled  Sample  Force  Calculations. 

The  interaction  force  results  from  the  increased  pressure  on 
the  surface  due  to  the  displacement  of  the  stream  flow,  and,  as 
stated  above,  the  surface  pressures  are  taken  equal  to  those  along 
the  slip  line.  For  weak  jets,  this  appears  to  be  quite  plausible, 
but  the  jet  flow  for  strong  jets  must  be  analyzed  in  greater  de¬ 
tail,  Thus,  the  jet  flow  may  be  far  from  uniform.  Indeed,  at 
the  downstream  corner  of  the  orifice  there  will  be  a  locally  super¬ 
sonic  bubble  and  probably  local  separation.  The  reaction  force 
of  the  jet  cannot  be  truly  calculated  until  the  nonuniform  flow 
at  the  jet  exit  is  known.  Momentum  considerations  of  both  the  jet 
and  stream  may  prove  helpful  in  a  more  detailed  study  of  strong 
jets.  The  increased  stream  pressures  depend  on  the  initial  slope 
of  the  slip  line  rather  than  on  the  final  stream  displacement 
distance  (jet  flow  height) .  Thus,  depending  upon  the  interaction 
flow  regime,  substantial  interaction  forces  may  be  realized  using 
small  mass  flow  jets. 


Interaction  Flow  Regimes  for  Mj^  *  1 

The  interaction  flow  regimes  for  Mjd  “  1  are  shown  in  Fig. 

13  on  the  following  page.  The  Pj  curve  does  not  exist  because 
the  nozzle  is  choked  at  the  exit  for  all  free  stream  Mach  numbers; 
indeed,  the  same  would  be  true  for  all  nozzles  having  M^^  <  1.763. 
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PlI  is  nearly  constant  for  nozzles  with  <  3  and,  for  these 

Mjd  values,  is  always  less  than  Pj  wherever  the  latter  exists. 
Above  the  Pj’j  curve,  the  jet  flow  passes  through  a  minimuin  area 
section  where  it  becomes  sonic;  the  final  velocity  of  the  jet 
flow  is  supersonic.  Below  Pix  the  final  velocity  will  be  sub¬ 
sonic;  compressibility  corrections  may  be  made  to  an  analysis 
using  the  Schwartz -Christoffel  transformation,  but  rapid  viscid 
mixing  of  the  jet  and  stream  flows  is  to  be  expected.  The  stream 
shock  is  attached  for  all  values  of  P  and  Mgx  in  both  regions 
below  the  Pm  curve.  In  these  flow  regimes,  the  stream  is 
always  supersonic;  stream  flow  characteristics  are  readily  ob¬ 
tainable  by  using  the  oblique  shock  relations  and  then  Prandtl- 
Meyer  expansion.  The  jet  flow  stagnates  at  the  start  of  the  slip 
line.  In  the  vicinity  of  the  upstream  corner,  the  subsonic  jet 
flow  may  be  analyzed  using  potential  theory  for  perfect  fluid 
flow  in  a  sharp  corner. 

The  stream  shock,  although  still  attached  at  the  start  of 
the  slip  line,  is  curved  and  Ms2  <  1  values  of  P  and  MgX 

in  the  flow  regime  bounded  by  the  Pm  and  Pxy  curves  in  Fig. 
13.  A  large  pressure  Increase  behind  the  stream  shock  may  be 
realized  before  the  initial  angle  of  the  slip  line  increases  and 
the  stream  shock  detaches.  The  jet  flow  stagnates  at  the  up¬ 
stream  comer.  Since  there  is  no  total  pressure  loss  across  a 
Mach  1  shock,  the  jet  flow  stagnation  pressure  is  the  same  at 
the  upstream  corner  whether  or  not  there  is  a  shock  at  the  ■  1 

nozzle  exit,  and  so  Pxy  and  Py  coincide  for  this  case.  For 
choked  nozzles  with  Mjd  >  1,  Py  >  Piy. 

The  slip  line  moves  outward  as  the  pressure  ratio  increases 
over  Py.  For  Mjd  ■  1,  the  stream  flow  deflection  angle  must 
be  90  degrees  before  an  attached  shock  can  exist  in  the  jet.  It 
would  be  a  normal  shock  of  vanishing  strength  (p2  ■  Pl  for  a 
sonic  shock) .  Thus,  the  curve  for  Pyx  represents  the  pressure 
ratio  required  for  zero  deflection  of  the  jet  at  the  upstream 
corner  and  therefore  is  identical  to  the  Pyxx  curve  which  repre¬ 
sents  no  jet  compression  at  the  upstream  corner.  The  exterior 
jet  flow  is  entirely  supersonic  for  P  and  Mgi  values  in  the 

flow  regime  above  the  Pyxx  curve.  Thus,  the  jet  flow  is  amena¬ 
ble  to  supersonic  theory  solutions  such  as  the  characteristics 
method.  The  matching  conditions  along  the  slip  line  may  be  deter¬ 
mined  as  indicated  in  the  above  subsection  on  Interaction  Forces. 
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Interaction  Flow  Regimes  for  ■  5 


Further  understanding  of  the  various,  types  of  interference 
forces  available  may  be  obtained  by  considering  supersonic  noz¬ 
zles.  The  P  -  Mg]^  regions  for  the  different  types  of  interac¬ 
tion  flows  possible  for  a  Mjjj  «  5  nozzle  are  shown  in  Fig.  14 
on  the  following  page.  The  curves  are  taken  from  the  tables  in 
the  Appendix. 

Below  the  Pj  curve  the  jet  nozzle  is  choked;  the  flow  in 
the  nozzle  is  subsonic  and  stagnates  at  the  upstream  corner.  Be¬ 
low  the  Pjj  curve  the  final  jet  flow  is  subsonic,  whether  or 
not  the  jet  nozzle  is  choked,  and  rapid  mixing  between  the  jet 
and  stream  flows  is  to  be  expected.  The  Pjj  curve  starts  at 
the  curve  indicating  attached  stream  shocks  at  a  value  of  P  »  30 . 
The  value  of  Pjj  changes  little,  increasing  and  then  decreasing 
slightly,  until,  around  Mg^  “  12,  it  drops  suddenly  below  the 
Pj  curve.  If  Pjj  is  less  than  Pj,  as  it  is  for  *  5 

and  Mg]^  >  12,  then  the  jet  nozzle  flow  is  choked,  and  there  are 
no  large  pressure  losses  in  the  nozzle.  In  this  case  a  relatively 
low  pressure  ratio  is  sufficient  to  yield  sonic  flow.  If,  on  the 
other  hand,  a  larger  pressure  is  required  for  sonic  jet  flow  than 
is  required  for  choking,  the  jet  nozzle  can  start  and  undergo  a 
strong  shock  wave  yielding  large  pressure  losses  before  attaining 
the  pressure  necessary  to  become  sonic.  Thus,  in  the  lowest 
P  -  Mgi  region  in  Fig.  14,  below  both  the  Pj  and  Pjj  curves, 
the  jet  nozzle  is  choked  and  the  jet  flow  is  always  subsonic.  In 
the  region  between  Mg]^  «  1.2  and  Mg]^  «  12,  bounded  by  the 
Pj,  Pii,  and  Pm  curves,  the  jet  flow  is  sonic  at  the  nozzle 
throat  but  normal  shocks  in  the  jet  nozzle  are  to  be  expected 
with  their  large  attendant  pressure  losses.  The  jet  flow  remains 
subsonic  downstream  of  the  normal  shocks.  In  the  triangular  re¬ 
gion  bounded  by  the  Pj  and  Pjj  curves,  with  apex  at  Mgi  »  12, 
the  jet  flow  is  choked  in  the  nozzle  but  becomes  supersonic  down¬ 
stream  of  a  fluid  throat.  In  all  three  regions  discussed  above 
the  stream  shock  is  attached,  and  the  stream  flow  is  everywhere 
supersonic . 

The  junq)  in  the  Pm  curve  where  it  meets  the  choking 
curve  at  Mgi  «  1.2  is  due  to  the  possibility  of  large  normal - 
shock  pressure  losses  in  the  jet  flow  if  the  nozzle  can  start. 
Everywhere  below  the  Pm  curve  the  stream  shock  is  attached 
and  the  stream  flow  entirely  supersonic.  Thus,  in  the  large. 
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irregularly  shaped  region  in  Fig.  14;,  bounded  above  by  Pm  and 
below  by  P^j  and  Pj,  the  stream  flow  is  everywhere  supersonic 
and  normal  shocks  are  to  be  expected  in  the  jet  nozzle  with  the 
jet  flow  again  becoming  supersonic  downstream  of  a  fluid  throat. 

In  the  small  region  near  the  origin  of  Fig.  14,  bounded  above 
by  Pxv  below  by  Pin>  the  pressure  ratios  would  be  suffi¬ 

cient  to  cause  subsonic  flow  behind  the  stream  shock  but  insuffi¬ 
cient  to  start  the  jet  nozzle.  The  jump  in  the  Pjy  curve,  as 
for  the  Pill  curve,  occurs  when  normal  shocks  can  exist  in  the 
jet  nozzle.  In  the  region  between  the  Pm  and  Pjy  cuirves 
above  Mgi  ^1.2,  the  stream  shock  is  attached,  but  the  stream 
flow  is  subsonic  immediately  behind  the  shock.  The  Py  curve, 
indicating  a  normal  shock  in  the  jet  flow  at  the  nozzle  exit,  is 
coincident  with  the  Piy  curve  except  for  values  of  Mgi  less 
than  about  1.2.  For  values  of  Mgi  <1.2,  in  the  region  bounded 
above  by  Py  and  below  by  Piy>  the  stream  shock  is  detached 
and  normal  shocks  in  the  jet  nozzle  are  also  to  be  expected. 

Analyses  of  Interaction  flows  having  pressure  ratio  and 
stream  Mach  number  values  in  the  region  between  the  Py  and 
Pyi  curves  would  be  very  complicated.  The  stream  shock  would 
be  detached  and  there  may  exist  a  curved  jet  shock  normal  to  the 
nozzle  wall  at  the  upstream  corner.  In  the  P  -  Mgi  region 
above  the  Pyi  curve,  the  interaction  flows  are  characterized 
by  detached  stream  shocks  and  jet  shocks  that  are  attached  at  the 
upstream  corner.  The  jet  flow  is  entirely  supersonic  downstream 
of  the  nozzle  throat;  the  stream  flow  is  that  over  a  forward 
facing  step .  Jet  flow  separation  at  the  downstream  comer  is  to 
be  expected  in  both  regions  above  the  Pyi  curve.  The  uppermost, 
Pyil,  curve  indicates  the  pressure  ratios  required  for  zero  jet 
flow  deflection  at  the  upstream  corner.  Above  the  Pyil  curve 
the  jet  flow  expands  supersonically  upstream  and  then  is  slowly 
turned  downstream  by  the  stream  flow  which  would  be  similar  to 
flow  over  a  blunt  forward  facing  step .  Stream  flow  separation 
at  the  upstream  corner  should  be  expected  along  with  increased 
pressure  over  the  surface  upstream  of  the  orifice  up  to  the 
stream  shock. 


Interaction  Flow  Regimes  for  Mj^  «  12 


There  are  12  possible  types  of  interaction  flows  for  hyper¬ 
sonic  jet  nozzles  with  design  jet  Mach  numbers  greater  than  about 
10.  The  different  flow  regimes  possible  for  V-  1?  are  shown 
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in  the  P  versus  Mg^  graph  (Fig.  15)  on  the  following  page. 

The  Pj  curve  is  extremely  close  to  the  P  *  1  line;  only 
for  extremely,  small  pressure  ratios  can  the  jet  flow  be  choked. 
Thus,  except  for  very  weak  jets  which  would  be  similar  to  film- 
cooling  type  flows,  the  jet  flow  at  the  nozzle  throat  will  be 
sonic.  Normal  shocks  in  the  jet  nozzle  are  to  be  expected  for 
pressure  ratios  greater  than  Pj.  In  the  region  between  the  Pj; 
and  Pjj  curves,  the  pressure  ratio  is  sufficient  to  start 
supersonic  flow  in  the  jet  nozzle  but,  because  of  the  large  pres¬ 
sure  losses  associated  with  strong  shocks  in  the  nozzle,  insuffi¬ 
cient  to  guarantee  that  the  final  velocity  of  the  jet  flow  be 
supersonic.  Thus,  the  jet  flow  will  become  supersonic  downstream 
of  the  nozzle  throat,  will  undergo  a  normal  shock  and  stagnate  at 
the  upstream  corner,  and  will  then  accelerate  subsonically  to  its 
final  velocity  downstream  of  the  orifice.  The  stream  flow  is 
everywhere  supersonic  for  values  of  P  and  Mg]^  in  this  region. 
As  indicated  in  the  tables  in  the  Appendix,  the  Pj  and  Pji 
curves  do  not  cross  for  all  >  7. 

The  Pm  curve  jumps  where  it  meets  the  Pj  curve  just 
above  Mg]^  -  1.04.  The  sudden  increase  in  the  value  of  Pm  at 
Mgi  «  1.04,  and  similarly  for  PiVf  is  due  to  the  possibility 
of  large  pressure  losses  in  the  jet  flow  due  to  normal  shocks  in 
the  nozzle.  The  supersonic  theory  used  herein,  although  of  very 
questionable  validity  for  Mg^  <  1.04,  indicates  the  flows  char¬ 
acterized  by  values  of  P  and  Mg]^  in  the  region  near  the  ori¬ 
gin  of  Fig.  15  bounded  by  the  Pm  and  Pjy  curves  will  have 
curved  stream  shocks  attached  at  the  start  of  the  slip  line  with 
subsonic  stream  flow  immediately  behind  the  shock.  The  stream 
shock  would  be  detached  for  values  of  Mgi  <  1.04  and  P  in  the 
region  bounded  by  the  Pjy  and  Py  curves.  Flows  having  values 
of  and  P  in  the  triangularly  shaped  region,  vertex  at 

Mgi  =.  1.5  and  bounded  by  the  Pj^  curve  and  segments  of  the 
Pm  and  Py  curves,  are  characterized  by  attached  stream 
shocks  and  noinnal  shocks  in  the  jet  nozzle  with  the  final  jet 
flow  being  supersonic. 

For  this  case  of  «  12,  the  Pm  and  Py  curves 

cross  suddenly  just  above  Mgi  »  17.5.  Simultaneously,  Pjy 
^VI  cross.  These  junqjs  are  due  to  the  possibility  of  both  the 
stream  and  jet  flows  having  attached  shocks  at  the  start  of  the 
slip  line.  This  possibility  of  attached  shocks  in  both  flows,  as 
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Fig,  15  -  Interaction  Flow  Regimes  for  -  12 
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sketched  in  Fig.  9,  exists  only  for  the  sets  of  values  of  Mjd 
and  Mg]_  indicated  in  Fig.  10.  The  flow  regime  having  values 
of  P  and  Mgi  in  the  small  triangular  region  with  vertex  at 
Msi  ~  17.5,  bounded  by  Pyj  and  above  by  theoretically 

has  jet  and  stream  flows  that  are  always  supersonic.  A  sanple 
force  calculation  for  such  a  flow  is  given  on  pages  50-52  for 
Mjd  ■  30.  In  the  lower  region,  bounded  by  the  segments  of  the 
Py  and  Pyj  curves  for  Mgj^  >  17.5,  both  stream  and  jet  shocks 
are  attached,  but  the  jet  shock  would  be  curved  with  su'''Sonic 
flow  immediately  behind  it .  The  upper  region,  bounded  ■^y  Pill 
and  Piy>  indicates  flow  conditions  for  which  the  stream  shock 
will  be  curved  but  attached  and  there  will  be  an  attached  shock 
in  the  jet  flow  at  the  upstream  corner.  The  jet  flow  is  super¬ 
sonic  everywhere,  but  the  stream  flow  is  subsonic  immediately 
behind  the  stream  shock  wave. 

The  Pjy  and  Py  curves  are  coincident  for  stream  Mach 
numbers  in  the  range  1.04  <  Mgi  <  17.5.  Consider  the  P  -  Mg^ 
region  within  this  Mach  number  range  that  is  bounded  below  by 
Pill  above  by  the  coincident  segments  of  Pjy  and  Py. 

Within  this  flow  regime  the  stream  shock  is  attached  but  curved, 
and  normal  shocks  are  expected  in  the  jet  nozzle.  The  stream 
flow  is  subsonic  immediately  behind  the  curved  shock  which  is 
attached  at  the  start  of  the  slip  line.  In  the  region  above  the 
Py  curve  and  below  the  Pyj  curve,  for  Mg^  <  17.5,  the  stream 
shock  is  detached,  and  a  curved  shock  attached  at  the  start  of 
the  slip  line  can  theoretically  exist  in  the  jet  flow. 

Above  the  Pyx  curve  and  below  the  Pyil  curve,  the  jet 
flow  passes  through  a  shock  wave  attached  at  the  start  of  the 
slip  line.  Above  the  Pxy  curve  the  stream  shock  must  be  de¬ 
tached.  The  jet  flow  is  entirely  supersonic  and  the  stream  shock 
detached  in  the  P  -  Mgx  region  bounded  below  by  segments  of  the 
Pyx  and,  for  MgX  >  17.5,  Pxy  curves  and  bounded  above  by  the 
Pyil  curve.  Values  of  P  and  MgX  along  the  Pyxx  curve  indi¬ 
cate  zero  jet  flow  deflection  at  the  upstream  comer.  Above 
Pyil  the  jet  suffers  no  conq}ression  at  the  nozzle  exit;  the 
stream  shock  is  detached  and  increased  surface  pressure  between 
the  shock  and  the  jet  orifice  is  to  be  expected. 
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Interaction  Flow  Regimes  for  *  30 


The  P  versus  graph  on  the  following  page,  Fig.  16,  is 

for  the  maximum  value  shown  in  the  tables  in  the  Appendix 

and  represents  a  limiting  condition.  The  extremely  large  nozzle 
area  ratio  would  essentially  maximize  the  specific  impulse  and 
pure  reaction  force  of  the  jet  used  in  a  vacuum  (see  following 
subsection) .  In  the  "near"  vacuum  existing  at  altitudes  of  50  or 
60  miles,  however,  interference  effects  are  important  and  substan¬ 
tially  change  the  control  force  of  the  jet,  as  evidenced  by  the 
examples  given  in  the  following  subsection. 

For  Mjjj  =  30,  for  all  practical  purposes,  the  jet  flow  is 
never  choked;  the  Pj  curve  is  almost  coincident  with  the  P  ■  1 
axis  in  this  limiting  case.  The  Pj  curve  meets  the  Pm  curve 
at  a  value  of  <  1.01;  the  steps  in  the  Pnx  and  Pjy  curves 

are  almost  coincident  with  the  Mg^  »  1  axis.  Thus,  normal  shocks 
and  large  pressure  losses  are  to  be  expected  in  the  jet  nozzle 
flow,  and  the  stream  shock  will  be  attached  for  this  ■  30 

case  for  even  the  very  large  values  of  P  shown  in  Fig.  16.  The 
large  Piji  values  result  from  the  largeness  of  the  possible  jet 
pressure  loss  across  a  Mach  30  normal  shock.  Similar  to  the  de¬ 
scription  in  the  preceding  subsection,  the  P  -  MgX  region  bounded 
by  the  Pj  and  Ptj  curves  will  be  characterized  by  entirely 
supersonic  stream  flows  and  jet  flows  having  normal  shocks  in  the 
nozzle,  remaining  subsonic  thereafter.  In  the  triangular  region 
bounded  by  the  Pn  curve  and  segments  of  the  Pm  and  Py 
curves,  the  jet  flow  passes  through  a  second  fluid  throat  and 
finally  becomes  supersonic. 

Attached  jet  and  stream  shocks  can  exist  simultaneously  in 
this  Mjd  -  30  case  for  Mgx  >  11.  Both  flows  will  be  entirely 
supersonic  for  P  and  Mgx  values  in  the  triangular  region  bounded 
by  segments  of  the  Pxn  and  Pyx  curves.  In  the  adjoining  lower 
region,  the  jet  shock  will  be  curved  with  subsonic  flow  immediately 
behind  it;  in  the  adjoining  upper  region,  the  stream  shock  will  be 
curved.  Both  shocks  cannot  be  simultaneously  attached  for 
Msl  <  11.  The  stream  shock  will  be  curved  and  the  jet  flow  will 

pass  through  a  normal  shock  in  the  nozzle  for  P  and  MgX  values 
in  the  region  bounded  below  by  Pxn  and  above  by  the  coincident 
segments  of  the  Pxy  and  Py  curves.  In  the  adjoining  upper 
region,  the  stream  shock  will  be  detached  and  a  curved  jet  shock 
will  attach  at  the  start  of  the  slip  line. 
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An  attached  shock  with  supersonic  flow  behind  it  will  exist 
in  the  jet  flow  and  tl>e  stream  shock  will  be  detached  for  inter¬ 
action  flows  characterized  by  P  and  Mg^  values  in  the  region 
bounded  by  Pyii  ^nd  segments  of  the  Pyj  and  Pjy  curves  in 
Fig.  16.  No  jet  shock  occurs  in  the  uppermost  region;  the  jet 
flow  initially  expands  forward  for  P  and  values  above  the 

Pyii  curve . 


Sample  Force  Calculations 

The  interaction  flow  regime  for  a  given  case  must  be  known 
before  the  force  may  be  calculated.  The  importance  of  the  inter¬ 
ference  effects  and  some  problems  inherent  in  the  force  calcula¬ 
tions  are  indicated  in  the  following  exanq>les.  Additional  examples 
are  presented  in  Ref.  19. 

Consider  the  interaction  flow  defined  by:  Mjd  ■  1.0, 

Mgi  -  3.9,  and  P  -  14.  This  set  of  values  falls  into  the  region 
between  the  Pjj  and  Pm  curves  shown  in  Fig.  13.  The  final 
jet  flow  is  supersonic;  there  are  no  shocks  in  the  jet  nozzle;  the 
stream  shock  wave  is  attached.  Stagnation  pressure  is  reached  in 
the  jet  flow  at  the  upstream  comer  and  this  must  equal  the  stream 
pressure  at  the  start  of  the  slip  line  just  downstream  of  the 
attached  stream  shock;  thus,  using  P  -  14, 


PjO 
Psl  Psl 


e  -  14  . 


Knowing  ^  and  Mgi,  the  stream  deflection  angle  5  and  Ms2 
may  be  determined  from  Eqs. (5)  and  (6) ,  page  15 .  Tables  are  then 
used  to  determine  the  Frandtl -Meyer  angle  V2  corresponding  to 
Ms2  *  1.0635.  The  total  expansion  angle  Av  must  equal  the  de¬ 
flection  angle  (for  jet  flow  continuity) : 


Vj  -  AV  +  V2  -  6  +  V2  . 


Tables  are  again  used  to  determine 
Thence, 


Psf^Ps20 


corresponding  to  v^. 
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^sf 

Psl 


Psf  .Ps20.Ps2 
Ps20  Ps2  Psl 


0  •“5927(0590)1'* 


1.697  . 


The  over-pressure  imposed  on  the  jet,  Pgf  -  Pgi,  gives  an  inter¬ 
action  control  force  acting  on  the  surface  downstream  of  the  jet 
orifice.  Consider  a  case  where  the  span  of  the  jet  is  b  and  the 
length  over  which  the  over-pressure  acts  is  i.  The  interaction 
jet  force  for  this  example  is  then: 


^i  “  ^Psf  ■  PsP^^  “  0.697 


(32) 


Again,  pgf  is  constant  in  this  analysis;  in  practice  it  may  de¬ 
crease  slightly  many  orifice  diameters  downstream.  On  the  other 
hand,  the  expansion  may  not  be  completed  until  far  downstream,  and 
in  this  case,  the  pressure  acting  on  the  surface  would  exceed 
Psf.  Any  stream  separation  upstream  of  the  jet  flow  would  give 
rise  to  an  additional  force  acting  over  the  separated  area  up¬ 
stream  of  the  orifice  and  would  slightly  reduce  the  over -pressure 
downstream  of  the  orifice . 

For  comparison  purposes  consider  a  jet  nozzle  exit  area  of 
one  square  inch,  the  jet  reaction  forces  Fy  and  Fg  for  this 
example  are,  from  Eqs.  (30)  and  (31),  page  33,  Fy  -  17.75  pgi 

and  Fa  ■  16.75  Psl#  where  the  units  of  p  are  taken  as  pounds 
per  square  inch.  The  vacuum  force  agrees  perfectly  with  Amick' s 
result  for  the  same  conditions  (Ref.  5) . 

If  the  jet  orifice  is  circular  and  is  located  just  a  foot 
from  the  trailing  edge;  b  -  2 \/  I/tt"  “  1.128"  and  i  «  12". 

Then,  from  Eq.  (32),  F^  •  9.43psl  which  is  greater  than  fifty 

per  cent  of  the  reaction  force  Fa.  If  the  orifice  is  a  two- 
dimensional  slit  of  equal  area  but  10  inches  wide  (b  -  10") ,  and 
if  i  is  still  12  inches,  Fj^  =  83.6  pgl-  This  is  several  times 
larger  than  even  the  vacuum  jet  force  and  hence  serves  as  an  ex¬ 
ample  of  the  substantial  interference  forces  possibly  available 
for  control.  These  interference  forces  may  be  much  greater  than 
the  pure  reaction  forces  of  the  jet  which  are  unaffected  by  the 
shape  of  the  jet  orifice.  Even  to  the  roughness  of  this  estimate 
the  substantial  forces  are  evident. 
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The  reaction  force  of  a  given  jet  may  be  increased  by  acceler¬ 
ating  the  jet  flow  in  a  nozzle.  Thus,  from  Eqs.  (30)  and  (31), 
page  33,  we  obtain: 


For  M, ,  -  1.0 
jd 


Fv  ”  1-268  PjqA*  and  F^  -  (1.268  Pj^  - 


For  M, ,  -  30 
ja 


(33) 


Fv  *  1-808  PjqA*  and  F^  -  1.808  p^^A*  -  p^^A^  . 


Substantial  specific  impulse  inqjrovements  may  be  realized  by  using 
large  nozzles  (necessary  for  large  values  of  Ag/A^  without  caus¬ 
ing  separation) ,  but  the  improvements  diminish  beyond  very  large 
values  of  (for  «>,  Fv 1.812  PjoA*)  •  Large  nozzles 

are  useful  to  maximize  essentially  the  reaction  forces  of  jets 
used  in  a  vacuum  where  the  pressure  ratio  P  would  be  infinite. 
The  interaction  forces  become  important  when  P,  although  very 
large,  is  nevertheless  finite  and  the  available  control  force  of 
the  jet  may  be  greatly  modified. 

Consider  P  -  2*10^;  this  would  correspond,  for  example,  to 
a  jet  reservoir  pressure  pjQ  -  20  atm.  at  an  altitude  of  about 
60  miles  (Ref.  18).  As  a  numerical  example  of  the  interaction 
forces  possible  at  such  extreme  altitudes,  let  *  ^3  and 

Mjd  ■  30.  These  conditions  are  in  the  region  in  Fig.  16  of  in¬ 
teraction  flows  characterized  by  attached  shock  waves  in  both  the 
jet  and  stream  flows.  Hence  [cf,  Eqs.  (18)  and  (25)], 


2‘10^  . 


PjQ  ^  _  £j0^_L.£j2  e 

Psl  Pjl  Pj2  Ps2  ^sl  Pjl  ^j  Ps2  ^ 
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Solving  for  noting  that  pjj^/pjQ  -  0. 1254' 10  ^  for  Mjjj  -  30 

(Ref.  10),  and  requiring  pressure  equalization  across  the  slip 
line  (pj2  -  Pg2)  > 


i  -  0.2508  (34) 

This  equation  is  to  be  solved  simultaneously  with  the  geometric 
condition  6j  -  90°  -  6  (cf .  Fig.  9) .  The  solution  may  be  accom¬ 
plished  analytically,  or  far  more  simply,  by  using  tables  (Ref.  11) . 
Noting  that  tan^  5j  tan2  6  «  1,  Eq.  (5),  page  15,  may  be  used 
for  both  the  jet  and  stream  flows.  Eliminating  ^  using  Eq.  (34) 
and  using  Mg]^.  -  15  and  -  30,  a  single  sixth  order  equation 

is  obtained  in  the  single  unknown  .  Four  roots  are  imaginary, 
one  root  (^j  ■  928.7)  represents  the  strong  shock  solution  (sub¬ 
sonic  flows  aft  of  both  jet  and  stream  shocks),  and  one  root 
(4j  “  858.4)  yields  the  desired  weak  shock  solution.  Using 
tables,  the  same  results  are  obtained  much  more  readily.  A  value 
of  Mg2  is  chosen  and  the  6  and  ^  corresponding  to  Mgi  and 
Mg2  are  found.  Then,  corresponding  to  6j  »  90°  -  6  and 

is  found  from  the  tables.  If  ?/4j  is  larger  than  indicated 
by  Eq.  (34) ,  a  larger  Mg2  value  is  chosen  as  the  next  approxima¬ 
tion;  the  value  chosen  for  Ms2  is  decreased  if  the  value  of 

is  too  low.  The  process  is  iterated  and  quickly  converges 
to  the  desired  results.  The  present  exanq>le,  accomplished  both 
analytically  and  with  the  use  of  the  tables,  yields: 


“82  - 

1.113 

6  -  44.84° 

5  - 

215.3 

“J2- 

1.133 

-  45.16° 

858.4 

Equating  the  stream  expansion  angle  Av  to  the  deflection 
angle  6  and  noting  that  the  Prandtl -Meyer  angle  for  Mg2  ■  1.113 
is  V2  -  1.593°  (Ref.  10),  there  follows  Mgf  ■  2.833  and 


Psf  Psf  ^820  0.03504 

'’s2  ■  I’82o’'’82  ' 


0.07603  . 
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Whence 


^sf  ^  ^sf 
'^sl  Ps2 


16.37  . 


Thus,  the  pressure  acting  on  the  area  downstream  of  the  jet  ori¬ 
fice  is  over  16  times  as  great  as  the  undisturbed  stream  pressure 
and  can  be  a  substantial  portion  of  the  available  control  force. 
The  interaction  force  due  to  the  over-pressure  downstream  of  the 
orifice  is 


Fi  -  (Pgf  -  PgPbi  -  15.37  Pg^bi  ,  (35) 

where  b  is  the  span  of  the  jet  and  i  is  the  length  over  which 
the  over -pres sure  acts. 

The  reaction  force  for  ■  30  and  P  ■  2*10^1  from 

Eq.  (33),  page  50,  and  Ag/A^  -  114,400  (Ref.  10),  is 
Fg  ■  315.1  PsiAg.  If  the  nozzle  is  axisymmetric  with  circular 
orifice  of  diameter  b  and  if,  for  example,  i  ■  10b,  then  using 

Ag  -  and  Eq.  (35),  F^  -  195.7  p^j^A^  -  0.621  F^.  If  the 

nozzle  orifice  was  either  rectangular  with  aspect  ratio  25  or 
oblong  so  that  b  -  5  then,  still  with  £  -  10b; 

F£  ■  3,843  PsiAg  •  12.2  Fg.  Much  greater  values  of  Fj^/Fg  could 
theoretically  be  achieved  if  narrow  slit  type  nozzles  were  used. 


If  the  Mach  30  jet  were  used  at  a  much  lower  altitude,  then 
the  available  control  force  would  differ  drastically  from  the 
theoretical  reaction  force.  Indeed,  for  Mg^  ■  3.90  and  P  ■  14, 
a  negative  value  of  Fg  is  Indicated  by  Eq.  (33),  page  50, 

(Fg  ■  -0.9998  PgiAg) .  Interference  effects  must  be  considered. 

For  Mg]^  -  3.90  and  P  •  14,  as  indicated  in  Fig.  16,  there 
are  normal  shocks  in  the  jet  nozzle  after  which  the  flow  remains 
subsonic.  Thus,  as  explained  on  pages  21  through  23,  ^  <  2  and 

so 
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Pj20 

PjO 


0.1429  . 


This  would  be  the  maximum  Jet  pressure  loss  and  corresponds  approxi¬ 
mately  to  a  Mach  3.965  normal  shock.  A  lower  bound  of  the  inter¬ 
action  force  may,  very  roughly,  be  taken  as  the  jet  over -pressure 
downstream  of  the  normal  shock  (Pj2  "  Psl^  acting  over  the  noz¬ 
zle  exit  area  downstream  of  the  shock.  For  a  jet  shock  at 

■  3.965  it  follows  that;  The  nozzle  area  at  the  location  of 
the  shock  is  A  -  10.39A^;  the  downstream  Mach  number  is 
Mj2  ■  0.4359,  and  Pj2/Pj20  "  0.8776  (Ref.  10).  Therefore,  even 
for  maximum  jet  pressure  loss. 


Fi  -  (Pj2  "  Pgl^^^  "  ^1-3.965^ 

/Pj2  .Pj20  ^slY  (K  ^■3.965  V 

^Pj20  PjO  Pj0yJ°(^fc  ^  J* 

-  (0.1254  -  0.0714) (114,400  -  10.39)PjQA*  -  6,180  p^^A*  . 


This  interaction  force  Is  several  orders  of  magnitude  larger  than 
even  the  vacuum  reaction  force  shown  in  Eq.  (33),  page  50. 


Particularly  in  the  last  example,  a  much  more  detailed  study 
of  interaction  flows  must  be  made  to  correctly  ascertain  the 
magnitude  of  the  available  control  forces.  The  force  may  be  op¬ 
timized  for  given  P  and  Mg]^  values  by  a  circumspect  choice  of 

Mjd*  Viscid  effects  must  be  included  to  determine  separation  re¬ 
gions  and  the  over-pressure  acting  upstream  of  the  jet  (as  in 
Ref.  8)  and  the  influence  of  three-dimensional  flow  effects  must 
be  determined.  At  least,  however,  the  preceding  sections  serve 
to  indicate  the  type  of  flow  that  may  be  expected  under  various 
Msi,  Mjd,  and  P  conditions  and  some  of  the  salient  features  of 
the  interaction  flows. 
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CONCLUSIONS  AND  RECOMMENDATIONS 


A  systematic  study  of  flows  past  transverse  jets  has  been 
initiated  by  categorically  examining  the  types  of  two-dimensional, 
inviscid,  interaction  flows  theoretically  possible.  Supersonic 
jets,  advantageous  for  their  large  specific  inqjulse,  were  included 
in  the  analyses.  The  two-dimensional  approach  is  straightforward, 
eliminates  the  need  for  additional,  usually  more  obscure,  assump¬ 
tions,  and  is  particularly  appropriate  for  the  study  of  weak  jets. 
Several  advantages  of  weak  jets,  for  which  the  interaction  phenom¬ 
ena  are  two-dimensional  in  nature,  are  noted.  As  borne  out  by  the 
consistency  of  the  results,  the  two-dimensional  inviscid  interac¬ 
tion  problem  is  uniquely  described  by  three  variables:  the  un¬ 
disturbed  stream  Mach  number,  the  design  Mach  number  of  the  jet 
nozzle,  and  the  ratio  of  the  jet  stagnation  pressure  to  the  undis¬ 
turbed  stream  static  pressure.  Limit  curves,  which  separate  the 
different  types  of  interaction  flows,  are  tabulated  in  the  Appen¬ 
dix  in  terms  of  the  three  variables.  Each  type  of  flow  is  de¬ 
scribed  and  sample  force  calculations  and  comparisons  are  carried 
out . 


The  san^ile  force  calculations  serve  to  show  that  the  control 
force  of  a  jet  is  significantly  altered  by  the  interaction.  Large 
interaction  forces,  several  times  the  pure  reaction  forces,  may 
be  obtained  for  flight  within  the  atmosphere,  even  at  altitudes 
in  excess  of  60  miles.  Supersonic  jet  nozzles  increase  the  specif¬ 
ic  impulse  of  the  jet  and  hence  its  efficiency  when  used  in  a  pure 
vacuum.  Also,  if  the  jet  nozzle  is  expanded  two -dimensionally, 
there  will  be  large  beneficial  interaction  forces.  Interaction 
forces  are  greatest,  on  a  percentage  basis,  for  weak  jets  and  act 
on  the  surface  downstream  of  the  jet  orifice;  maximum  control 
force  would  be  obtained  by  placing  the  orifice  near  the  leading 
edge  of  the  surface.  Such  a  jet  control  would  also  be  useful  in 
cooling  the  surface  downstream  of  the  orifice;  very  weak  jets 
simulate  film  cooling  flows. 

The  salient  features  of  the  various  types  of  interaction  flows 
have  been  described  but  each  type  requires  more  detailed  study. 
Several  inviscid  flow  problems  remain  unresolved.  The  problem  of 
jet  flow  separation  at  the  downstream  corner  is  expected  to  exist 
for  all  but  very  weak  jets.  Procedures  for  estimating  the  sepa¬ 
ration  zone  are  to  be  established.  A  comparative  analysis  of  the 
various  control  forces  available  for  the  different  flow  regimes 
is  to  be  made  in  seeking  optimum  control  jets.  Over-pressure  both 
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upstream  and  downstream  of  the  orifice  can  increase  the  effective 
control  force;  the  former  is  dominant  for  strong  jets,  the  latter 
for  weak  jets.  Finally,  many  viscid  phenomena  remain  to  be  ade¬ 
quately  understood. 

Experimental  research  is  required  to  ascertain  correctly  the 
importance  of  the  many  viscid  effects.  Spreading  of  the  jet, 
stream  and  jet  flow  separation  regions,  and  mixing  of  the  stream 
and  jet  flows  should  be  analyzed  with  the  aid  of  flow  photographs 
and  surface  pressure  measurements.  Experimental  boundary  layer 
profiles  and  force  measurements  are  needed  for  verification  of 
the  theoretical  results. 

Early  experimental  results  will  guide  additional  theoretical 
work  and  give  substance  and  reliability  to  the  force  estimation 
and  calculation  procedures.  Vorticity  along  the  slipline  may  be 
calculated  for  a  few  examples  using  the  rotational  characteristics 
method.  Particularly  for  the  subsonic  flow  regions,  a  hodograph 
method  may  prove  to  be  useful  in  determining  more  accurately  the 
shape  of  the  slipline.  Other  theoretical  methods  may  appear 
practical  in  the  light  of  the  experimental  results.  Existing 
theories  for  shock  standoff  distances  and  boundary  layer  separa¬ 
tion  ahead  of  the  jet  should  be  put  into  more  usable  form.  Finally, 
for  completeness,  and  for  possible  hydrodynamic  utility,  subsonic 
interaction  flows  could  be  studied.  Transformations  such  as  the 
Schwarz -Christoff  el  method  are  available  for  incoiiq>ressible  flows; 
even  the  incompressible,  perfect  fluid  flow  problem  has  yet  to  be 
solved.  Our  cursory  look  at  the  incompressible  flow  interaction 
problem  indicated  the  fuitility  of  either  representing  the  jet 
as  a  point  source  or  representing  the  flows  as  portions  of  im¬ 
pinging  streams. 

Still,  little  is  understood  of  the  interaction  of  flows  past 
transverse  jets,  but  there  are  clear  indications  of  substantial 
design  advantages  based  on  a  rudimentary  knowledge  of  the  phenom¬ 
ena,  and  a  direct,  categorical  approach  has  been  taken  to  increase 
our  knowledge  of  the  phenomena. 
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APPENDIX 

TABLES  OF  PRESSURE  RATIOS  DEFINING  THE  BOUNDARIES 


OF  THE  VARIOUS  TYPES  OF  INTERACTION  FLOWS 

The  interaction  flows  considered  herein  are  characterized  by 
their  values  of  Msi>  Mj(j>  and  F;  the  type  of  interaction  that 
will  result  for  a  given  set  of  values  may  be  determined  using  the 
following  tables.  For  every  jet  nozzle  there  is  a  corresponding 
value  of  the  design  jet  Mach  number.  Several  types  of 

interaction  are  possible  for  any  particular  nozzle.  The  values 
of  the  pressure  ratios  Pj  through  Pvil»  which  separate  the  dif* 
ferent  types  of  interaction,  are  tabulated  versus  Msl  for  22 
values  of  from  1.0  to  30.  Interpolation  is  necessary  for 

nozzles  having  values  different  from  the  ones  listed. 

Standard  electronic  digital  computer  notation  is  used  in  the 
tables.  Subscripts  appear  on  the  same  line  as  the  variable  to 
which  they  refer;  thus  is  listed  as  MSI  and  Pj  as  PI, 

etc.  Floating  decimal  point  notation  is  used  for  Pj  through 
^VII  because  of  their  large  range  of  values;  the  exponent,  the 
portion  of  the  number  following  the  "E",  indicates  the  number  of 
places  the  decimal  point  should  be  moved  to  the  right.  Thus, 
0.3625E  01  represents  3.625  and  0.1165E  05  represents  11,650 
Four  significant  figures  are  given  throughout  the  tables  which, 
considering  the  importance  of  separation,  viscid,  and  three- 
dimensional  effects,  is  optimistic.  The  pressure  ratios  P;^  and 
PlI.  as  defined  herein,  can  not  exist  below  certain  Mg]^  and 
Mjjj  values,  this  is  noted  in  the  tables  by  indicating  their  value 
as  0  (any  value  of  P  less  than  unity  would  Indicate  no  jet 
flow)  . 


The  use  of  the  tables  is  shown  by  example.  Say  it  is  desired 
to  determine  the  type  of  interaction  that  may  be  expected  for  a 
Mjd  “  2.5  nozzle  in  a  stream  flow  such  that  -  4.9  and 

P  -  100.  Referring  to  the  tables  for  Mj^j  -  2  and  Mjjj  -  3  and 
Interpolating  both  for  -  4.90: 


2.0 

3.0 


0.4355E  02 
0.9561E  02 


0.7148E  02 
0.1392E  03 


0.2457E  03 
0.1153E  04 
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Interpolating  again  for  *  2.5,  it  is  seen  that  P  =  100 

falls  between  the  values  for  Py  and  Pyi  ■>  Therefore,  the  inter 
action  flow  that  may  be  expected  is  of  the  strong  variety.  The 
stream  shock  will  be  detached  and  there  will  be  a  curved  shock  in 
the  jet  flow  attached  at  the  upstream  corner.  Consider  that  it 
is  then  desired  to  determine  the  nozzle  Mjj  value  for  which  the 
interaction  would  be  of  the  weak  variety  such  that  the  stream 
shock  would  be  attached,  for  the  same  *  4.9  and  P  -  100 

values.  Then  Pm  must  be  greater  than  or  equal  to  100;  again 
from  the  tables;  after  interpolating  for  Mg]^  =  4.9: 


P 


III 


3.0  0.7074E  02  -  70.74 

4.0  0.1675E  03  -  167.5 


Again  interpolating  it  follows  that  the  nozzle  must  be  such  that 
is  greater  than  or  equal  to  3.30  in  order  for  the  stream 
shock  to  be  attached,  ignoring  any  viscid  effects  such  as  boundary 
layer  separation. 
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